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Abstract— Permutation codes are special spherical codes
designed for the band-limited Gaussian channel. Here, we
investigatetheir application to fading channels:we presenta
simple maximum lik elihood decodingalgorithm and compute
expressionsfor the codeword error probability.
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I . INTRODUCTION

Permutationmodulation has been proposedby David
Slepianin 1965 [3]. A Variant I permutationmodulation
is the set of codewords (signals) obtainedby taking all
permutationsof an initial vector in the � -dimensional
Euclideanspace.A Variant II permutationmodulation is
the set of codewords obtainedby taking all permutations
and sign changesof the componentsof an initial vector
in the � -dimensionalEuclideanspace.Good permutation
modulationsmay be designedby appropriatelyselecting
theinitial vectorandmaybevery efficiently decodedin the
AWGN channelby essentiallyapplyinga sortingalgorithm
to the received signal vector [3]. In the literature the
performanceof suchmodulationswasanalyzedfor AWGN
channelsonly, in this paperwe study their performance
over fastandslow fadingchannels.

This article is organized as follows: the next section
recalls the basic notation of permutation modulations;
SectionIII providesanefficient algorithmfor mappingand
demappingpermutationcodes;a descriptionof the consid-
ered channelmodels is given in Section IV. In Section
V the Maximum Likelihood (ML) decodingalgorithm for
AWGN channelis recalled;in SectionsVI and VII a ML
decodingalgorithm for fast fading channelsand its ana-
lytical performancearederived. Moreover, in sectionVIII
a Zero Forcing (ZF) suboptimalapproachis considered.
Finally the performanceof permutationmodulationsfor
slow fadingchannelsareanalyzedin sectionIX. Examples
of performancein termsof errorprobabilityarethengiven
in sectionX, alongwith conclusive remarks.
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and let

��� � �	�	�	�
��� � �
be a set

of positive integerssuchthat ��� �� � � � � . Considerthe
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A Variant I permutationcode consistsof the set . of
vectorsobtainedby permutingthecomponentsof theinitial

vector  /! . The total numberof codewords in sucha code
is 0�1 � ��2� � 2 �3� 2 �	�	� � � 2 � (2)

The Variant I codewith 4 �65 , � � �7�98;: , �3� �<: and� � � � is the well known PPM or orthogonalmodulation.
A Variant II permutationcode consistsof the set . of

vectorsobtainedby permutingand applying all possible
sign changesto the componentsof the initial vector  "! .
The total numberof codewords in this codeis031=1 � 5?>@�-2� � 2 �3� 2 �	�	� � � 2 (3)

where A �7�98 ��� , if
��� � � and A ��� , if

���CB �
. The

Variant II code with 4 �D5 , � � �E��8<: , �F� �G: and� � � � resultsin thewell known biorthogonalmodulation.
TheVariantII codewith 4 �%: , � � �H� ,

� �JI� � yields an� -bit PCM. In this casethe points of . correspondto the5?K verticesof an � dimensionalhypercubeof edgelength5 � � , centeredat the origin.
It is clear that all codewords of both Variant I and II

codeslie on a hypersphereof radius L �NM centeredat the
origin, where M;� �K �� � � � � � � � .

I I I . MAPPING AND DEMAPPING

Let us considerthe permutationcode . with parameters� , 4 with  "! specifiedby O �P$ � � �	�	�	�
��� � , with multi-
plicities Q �%$ � � �	�	�	�
��� � , . The total numberof available
codewords

0 �SR . R correspondsto a theoreticalspectral
efficiency of TVUXW � 0ZY � bit/s/Hz.In general,since

0
is not

a power of 2, a maximumof [ �G\ TVUXW � 0^] bits can be
mappedto eachcodeword yielding a spectralefficiency of[ Y � bit/s/Hz. The

0 8H5)_ remainingcodewords will be
purged from the codebook.

In the following we presenta mapping/demappingal-
gorithm that uniquelyassociatesa vector ` �a$cb � �	�	�	�
� b _ ,
containing[ binarydigits to acodewordof thepermutation
code.This algorithmis basedon the fact that the elements
of O are orderedin increasingorder and it is possibleto
list all the codewords in lexicographicorder as shown in
Figure1. In practicethefirst elementof the list, with index�

is  "!#�%$ � � �	�	�	�
��� �&('
�	�	�	�
��� � �	�	�
�	��� �

& +
,

(4)

while the last one is edFf � �%$ � � �	�	�	�
��� �&�+
�	�
�	�	��� � �	�
�	�	�g� �

&('
,

(5)

lorenz
0-7803-7661-7/03/$17.00©2003 IEEE.



and hasindex

0 8Z: . The mapping/demappingalgorithm
associatesthe h th codewordof thelist with thebinaryvector` whosedecimalrepresentationis h , for h � � � : �	�	�
�	� 5?_J8: . Clearly, the last

0 8i5 _ elementsof the list cannotbe
mappedor demapped.

A. Mapping

Giventhecodeword index h , correspondingto thebinary
vector ` , the mapping function works sequentiallyin �
steps,finding one by one the codeword components.In
the first step the algorithm splits the ordered list in 4
contiguoussubsetslabeled . � , for j �k: �
�	�	�
� 4 , each
onecharacterizedby the first componentof the codeword.
That is, the subset. � containsall codewords whosefirst
componentis

� �
, asshown in Figure1. The cardinalityof

the subset. � is

R . � R/� l ��8^:Xmn2l �
� 8^:Xmn2 �o � ��p orq� � � o 2 �

� ��
0

(6)

that correspondsto the number of codewords of a per-
mutationcodewith parameters�H8%: � 4 with multiplicity$ � � �
�	�	�	�g� � 8s: �	�	�	�
��� � , . Moreover from (6) notice thatR . � R canbesimply written asa functionof thetotal number
of permutation

0
.

The subset. � containscodewordswith indexes h in the
range

� f �o � � R .
o R � h �

�
o � � R .

o RX8;: � (7)

so, if h is in this range then the first element of the
correspondingcodeword is

� �
.

Supposenow that the subset . � containsthe index h ,
then the first componentof the codeword, t � � � �

, is
known. The next step proceedsby searchingthrough the
set . � andneglectingthefirst elementof thecodewords.In
practiceit focuseson the set of codewords corresponding
to a permutationcode with parameters�s8�: , 4 , O �$ � � �	�	�	�
��� � , and multiplicities $ � � �	�	�
�	��� � 8u: �	�
�	�	��� � , ,
which is denotedby v. � , in thefigure.This repeatsuntil the
last elementof the codeword is found.

Thepseudocodecorrespondingto themappingfunction
is given below:

Function  = Mapping(h )
Let vQ � Q
Let

0xw �=y � 0
for z �%: �	�
�	�	� �

let {}| � h 8 |~ � � v� ~
0xw o y Y l ��8 z m� � � �
�	�	�
� 4 8;:j �7�X� W�������| l {}| m � {�| B �t o � � �h � { �0�w o � ��y � v�

� 0�w o y Y l ��8 z mv�
� � v�

� 8;:
end

This function has an averagecomplexity proportional to� 4 Y 5 .
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Fig. 1. Codewords of the permutationcode © orderedin lexicographic
order

A similar mapping/demappingalgorithmfor permutation
modulationshasbeenproposedin [2]. However, because
of (6), the algorithmproposedin this paperdoesnot need
the storageof the coefficients RVª � R that would require an
amountof memoryexponentialwith 4 .
B. Demapping

The demappingalgorithm finds the codeword indexh given the codeword  . As well as for the mapping
algorithm it proceedsin � stepsthrough the elementsof . If the first elementof the codeword is t � � � �

then
the codeword  lies in the set . � andthe index h is in the
rangedefinedby (7). Thesearchthenproceedsthroughthe
subset v. � by reducingat eachstep the cardinality of the
subsetthat containsthe codeword  until the index h is
found. The correspondingpseudocode of this algorithm
is:

Function h = Demapping(  )
Let vQ � Q
Let

0 w �=y � 0
Let h � �
for z �%: �	�	�	�
� �
for j �%: �	�
�	�	� 4
if t o ��� � � then break

end
let h � h¬«

� f �> � � v� >
0 w o y Y l ��8 z m0xw o � ��y � v�

� 0xw o y Y l ��8 z mv�
� � v�

� 8^:



end

The demappingfunction has an average complexity
proportionalto � 4 Y 5 .

IV. CHANNEL MODELS

Digital transmissionover the band-limitedfading chan-
nel is commonlymodeledin the � -dimensionalEuclidean
space

K
as  �;®F «°¯

where


is the received signal vector,  H�±$ t � �
�	�	�
� t K , is
the transmittedsignal vector (or codeword) taken from a
finite signalconstellation(or codebook). , ¯H²6³ lµ´ ��¶�·�¹¸ m
is a real Gaussianrandomvector with i.i.d. components
and ®º� diagl A � �	�	�
�	� A K m is the diagonalchannelfading
matrix. We distinguishtwo cases:» slow fading, wherethe fading matrix is ®¼� A ¸ andA changesindependentlyfrom one codeword to the

next;» fast fading, where the fading coefficients A o change
independentlyin eachcomponent.

Finally, we notethatwhen ®G� ¸ is constant,we fall back
into theAWGN channelmodel.Assumingthat thechannel
stateinformationis availableat the receiver, ML detection
is given by½ 9� arg �����¾�¿ÁÀ¹Â  87®F Â � � arg �����¾�Ã�¿ÁÀ@Ã/Â  8° "Ä Â � (8)

where . Ä is the “f adedsignal constellation” ® . . We note
that the complexity of the ML receiver greatlydependson
the structureof the code . . In the worst casea total of0 �uR . R Euclideandistancesmustbe computed.For large
valuesof

0
this may be impractical,henceit is common

to tradesomeof the performancefor a reduceddecoding
complexity. Many classicalforward error correctingcodes
have been selectedfor applications becausethey have
simpledecodingalgorithms.In thecaseof AWGN channel
an efficient decodingalgorithm, recalledin the following
section,wasproposedby Slepianin [3].

V. ML DECODING FOR AWGN CHANNEL

Let us considerML decodingof Variant I codes.We
needto find the minimum of the the quantities

Â  87 
o
Â � � Â  Â � « �NMÅ8i5 l  �  

o m (9)

for z � � �
�	�	�
� 0 8E: where l  �  
o m denotesthe scalar

productof the two vectors.Since Â  Â is independentof z
the ML decodermay simply maximizethe scalarproduct
betweenthe received vectorand the codewords, i.e.

½ i� arg � �XÆ¾�¿@À
K� � � t

�
Ç�� �
(10)

This maximization problem may be solved as follows.
Given the received vector


, replace the smallest

� �
componentsby the values

� �
, replacethe smallest

�F�
re-

mainingcomponentswith
���

, etc.Until all thecomponents
have beenreplaced.

For Variant II codesML decodingcan be performedas
follows.

1) Take the absolutevalue of the componentsof the
received vector


, i.e. let ÄN�a$ÈR Çe� R � R Ç � R �
�	�	�
� R Ç K R ,

2) Apply the decoderof Variant I codesto
 Ä to make

a first decision  Ä .
3) The final decisionis given by½ 9�%$ sgnl Çe� m t Ä � � sgnl Ç � m t Ä� �°�	�	�
� sgnl Ç K m t Ä K ,

wheresgnl t mC� « : , if t^É � and sgnl t mC�E8J: , ift � � .
It can be shown that the above algorithm is equivalent to
solving the maximizationproblem(10).

The complexity of thesedecodingalgorithmsis rather
small if comparedto the brute force exhaustive search.In
particular, it is enoughto perform a sorting algorithm on
the � componentsof the received vectorandto keeptrack
of the final index permutation.This permutationuniquely
identifiestheML decodedcodeword andthecorresponding
information bit label may be easily recovered by the
demappingalgorithm. Sorting can be performedwith a
complexity of Ê l � TVUXW l ��mnm , whereasexhaustive decoding
requires

0 � multiplicationsand

0
l ��8^:Xm additions.

The averagecodeword error probability with ML detec-
tion in the AWGN channelis given by

Ë � l�Ì mÍ� :0 d3f �o � ! Î�Ï Ì
fNÐ ¾ f ¾ Ï Ð *�Ñ w �}Ò * y
l 5ÁÓ-Ô � m K Ñ � Õ  (11)

where Ö o � KØ× Ö o is the complementof the decision
region correspondingto the codeword  o , definedas

Ö o � �ÁÙÛÚ KuÜ Â Ù 87 
o
Â � Â Ù 8° 

�
Â �<Ý j I� z �Þ� (12)

Theseregionsarealsoknown asminimumdistanceor ML
regions.

VI . ML DECODING FOR FAST FADING CHANNELS

In a fast fading channel the ML estimate
½ of the

transmittedcodeword  canbe found by computing

½ 9�7�X� Wß�����¾"¿@À RVR  87®F RVR � �7�à� W������¾�¿@À
Ko � ��á

o
l t
o m (13)

where

á
o
l t
o mâ�uR Ç o 8 A o t o R � � Ç �o «�A � o t � o 895 Ç o A o t o (14)

is thecontribution of the z -th componentto thetotal metric.
In this paper we restrict our investigation to the case4 �75 , with Q �%$ � � ���F�
, and O �%$ � � �����
, . We consider

both Variant I and II permutationmodulation.



A. Variant I permutation modulation

For Variant I modulationst o ÚÅ��� � �����)� , so we have

á
o
l t
o mÍ� Ç �o «7A � o � � � 8i5 Ç o A o � � �Vã9t o � � �Ç �o «7A � o � �� 8i5 Ç o A o � � �Vã9t o � � � (15)

If we subtracta constantor we divide by a constantthe
argumentof (13) the resultdoesnot change,that is,

½ 9�7�X� Wß�����¾�¿ÁÀ
Ko � � vá

o
l t
o m (16)

where vá
o
l t
o m â � á

o
l t
o mØ8 á

o
l � � m��� 8 � � (17)

Now we have

vá
o
l t
o mÍ� � ��ã�t o � � �A � o l ��� « � � mØ8i5 Ç

o A o ��ã�t o � ��� (18)

Sincechoosingt o � � � gives no contribution to the total
metric, the minimization of (13) is obtained by setting½t o � ���

for the indexes z that correspondto the
�F�

smallestmetrics vá
o
l ��� m . For the remaining

� �
indexes

we set
½t o � � � . In practicewe find a permutationÓ that

sortsthe metrics vá
o
l ��� m in non decreasingorder, suchthatvá�ä ' l ��� m � vá�ä * l ��� m � �	�	� � vá�ä)å�æ ' l ��� m � vá�ä)å l ��� m and

we set

½t ä Ï �
��� ã=U � z �%: �	�	�
�	���3�� � ã=U � z � �3� « : �	�	�
�	� � (19)

Theorem 1: The above algorithm producesa ML esti-
mate.

Proof: Supposethat the solution found by the de-
scribedalgorithmdoesnot minimize the metric (13). Then
there exists at least a permutationof two indexes z andj that further reducethe metric. If vá is the total metric
given by the algorithm, the new metric becomes vá Ä �vá 8 vá

o
l �N� m « vá

�
l ��� m � vá . By solving the inequality

we obtain vá
o
l � � m B vá

�
l � � m . But since we have chosenvá

o
l ��� m � vá

�
l ��� m , this contradictsthe hypothesis.

B. Variant II permutation modulations

The considerationsfor Variant I modulationshold Vari-
ant II. However, in this case,t o ÚÅ�Xçß� � �
ç-���?� and

á
o
l t
o mÍ�

Ç �o «�A � o � � � 895 Ç o A o � � ��ã�t o � « � �Ç �o «�A � o � � � « 5 Ç o A o � � ��ã�t o �u8 � �Ç �o «�A � o � �� 895 Ç o A o ��� ��ã�t o � « ���Ç �o «�A � o � �� « 5 Ç o A o ��� ��ã�t o �u8 ���
(20)

Clearly, since
Ç �o «^A � o � � � and

Ç �o «;A � o � �� are positive, the
sign of t o that minimizesthesemetricsis

sgnl t
o m�� sgnl Ç

o m � (21)

The metric for Variant II modulationsthenreducesto

á
o
l t
o m�� Ç �o «7A � o � � � 8i5"R Ç o R A o � � ��ãt o � sgnl Ç

o m � �Ç �o «7A � o � �� 8i5"R Ç o R A o ��� ��ãt o � sgnl Ç
o m ���

(22)

andas in Variant I

vá
o
l t
o mÍ� � �Vãt o � sgnl Ç

o m � �
A � o l ��� « � � mØ895"R Ç

o R A o �Vãt o � sgnl Ç
o m ���

(23)
The decodingalgorithm procedesas for Variant II using
first the metrics(23) and the decidingon the signesusing
(21).

The pseudocode of the decodingalgorithm is given
below:

Function
½ = Decoding(


)

for z �%: �	�	�	�
� �vá
o
l ��� mÍ� A � o l ��� « � � mØ8i5 Ç

o A o (V. I) orvá
o
l ��� mÍ� A � o l ��� « � � mØ8i5"R Ç

o R A o (V. II)
endvá�ä �7è U �né l vá m
for z �%: �	�	�	�
���3�½t ä Ï � ��� (V. I) or½t ä Ï � sgn l Ç ä Ï m ��� (V. II)
end
for z � �3� « : �	�	�	�
� �½t ä Ï � � � (V. I) or½t ä Ï � sgn l Ç ä Ï m � � (V. II)
end

The complexity of this algorithm is O(� T�UXW � ) (i.e the
complexity of the sorting function).

VI I . THE CODEWORD ERROR PROBABILITY WITH FAST

FADING

We presenthere the closed form expression for the
codeword error probability, for 4 �ê5 and Variant I
modulations.We consideran arbitrary permutationof the
initial vector  "! representedby the vector  � �HÓ � l  /!�m��$ t ��p � �	�	�
�	� t K p � , and we denoteby ë � the set of indexes z
for which t o p � � � �

and by ë � the set of indexes z for
which t o p � � ��� . Moreover, in the following, we denote
by ì	í l { m and îØí l { m the probability density function (pdf)
and the cumulative density function (cdf) of the random
variable ï , respectively.

We want to computethe averagecodeword error proba-
bility with respectto the channel,i.e.,

Ë � l�Ì mÍ� :0 d3f �� � ! ð $ Ë � lgÌ Rcñ �  
� m , (24)

Thefollowing lemmagreatlysimplifiestheevaluationof
(24).

Lemma 1: For any permutation code . � �  � �Ó � l  /!�mgR Ó
� ÚZò��

given by the orbit of an initial vector  "!
undera permutationgroup

ò
[1],Ë � lgÌ m�� ð $ Ë � l�Ì Róñ �  "!�m , (25)

if the fadingcoefficients A o aremutually independent.
Proof: This lemma implies that it is possible to

computethe word error probability by only assumingthe
initial vector  /! is transmitted,similarly to the caseof
groupcodesfor AWGN channel[4].



Let region Ö � � �¹� A �¬� A � �±�	�	�/� A K � be a subset
of the positive orthant l � môK and ª K be the symmetric
groupof degree � andorder RVª K R/�°�-2 . We have

Ò ¿@õ å
Ô l Ö mÍ� l � m K �

where Ô l Ö mö� � �F� A Ò w ��y � A Ò w � y �E�	�
�e� A Ò w K y � is the
region with vector componentspermutedby Ô . The error
probability is then

Ë � l�Ì m÷� ø ù/ú å :0 d3f �� � ! Ë � lgÌ Rcñ � Ó
�
l  "!?mnm ì l ñ�mÁûØñ

� :0 dFf �� � !
Kýü� � � Ò + w Î y Ë � l�Ì Róñ

� Ó � l  /!�mnm ì l ñßmÁûØñ
� :0 dFf �� � !

Kýü� � � Î Ë � lgÌ RVÔ
� l ñßm � Ó

�
l  "!�mþm ì l Ô � l ñ�mnmÁûØñ

� :0 dFf �� � !
Kýü� � � Î Ë � lgÌ RVÔ ��ÿ Ó

�
l ñßm �  /!�m ì l ñßmÁûØñ

� :0 dFf �� � !
Kýü
� � � Î Ë � lgÌ RVÔ � l ñ�m �  "!?m ì l ñßmÁûeñ

� ø ù/ú å Ë � lgÌ Rcñ �  "!�m ì l ñßmÁûØñH� ð $ Ë � lgÌ Rcñ �  "!�m ,
(26)

wherewe usedthe following facts: i) the compositionof
permutationsÔ �Ûÿ Ó � � Ô � runs through ª K since

ò
is a

subgroupof ª K , ii) ì l ñ�m�� ì l A
o mÍ� ì l Ô � l ñßmþm .

As shown in the previous sections,the ML detection
algorithmmakesdecisionsusing the metrics á

o � vá
o
l ��� m .

Thecodeword  � is successfullydecodedif all themetrics
associatedwith the indexes z Ú ë � (i.e where t o � ���

)
are lower than the metricswith indexes z Ú ë � (i.e. wheret o � � � ). In otherwords if we define

� â � ���V�o ¿���' á
o

and � â � � �àÆo ¿��g* á
o

(27)

the error probability given that the codeword  � is trans-
mitted andconditionedto ñ , is given byË � l�Ì Róñ �  

� mÍ�%:ö8 Ë � l � � � Rcñ �  
� m � (28)

From (28) and(25) we have

Ë � l�Ì mÍ�%:ö8 ð
���
f � Ë � l � �	� Róñßm ì�
�� ð l � mÁû � (29)

where,due to the independenceof fading,

Ë � l � �� Rcñßm÷� o ¿��g* î�� Ï � > Ï l � m (30)

ì�
�� ð l � m÷� 8 ûû � o ¿��
' l :ö8 î�� Ï � > Ï l � mnm (31)

Thenwe canwrite thecodeword errorprobabilityby using
(29) and the metricscdf î�� Ï � > Ï , as

Ë � l�Ì m÷� : « ���
f � o ¿��þ* > Ï î�� Ï � > Ï l � m �ûû � o ¿��
' :ö8 > Ï î�� Ï � > Ï l � m û � (32)

wherethe equality derives from the mutual independence
of the A o ’s.

For Variant I permutationmodulations á
o � A � o l ��� «� � mJ8 5 Ç o A o . Then, for a given A o , Ç o is a Gaussian

random variable with distribution
Ç o ² ³ l A

o � o ��� ! Y 5"m ,
hencethe metrics á

o
arealsonormally distributedas á

o ²³ l��
o � 5 A � o � !�m where,by letting � � ��� 8 � � ,
�
o � « A � o � for z Ú ë � l t

o � � � m8 A � o � for z Ú ë � l t
o � �N� m (33)

The averageof the cdf of the z -th metric, with respectto
the z -th componentchannelfading A o is

î � Ï l � m � > Ï î�� Ï � > Ï l � m
� ���
!

�
f � ì > Ï l A m5 A L Ó � !�� Æ�� 8 l t ç A � � m �� � ! A � û t û A

(34)

where in the caseof Rayleigh fading channeleach co-
efficient A o is Rayleigh distributed with pdf ì > Ï l A m<�5 A � Æ�� l 8 A � m , so that $ A � o , �%: .

After somealgebrawe obtain

î � Ï l � mÍ� � � � Æ�� l b � � m ��ã �(� �: « � � � Æ�� l b � � m ��ã � É � for z Ú ë �
(35)

and

î � Ï l � m�� 8 � � � Æ�� l 8 b � � m ��ã �(� �:ö8 � � � Æ�� l 8 b ��� m ��ã � É � for z Ú ë �
(36)

where

b � � �C« L � � ! « � �5 � ! l B � m
b � � � 8 L � � ! « � �5 � ! l � � m
� � � :b � L � � ! «!� � l B � m
� � � :b � L � � ! «!� � l � � m

Finally, by plugging (35) and (36) in (32) the codeword
error probability becomesË � lgÌ m � :ö8

� � l 8 � � m &�*
&�' f �
� � !

&�' f �� l 8 � � m �l 4#« :Xm
Y
� � 8 �3�

Y
� � 8� � l 8 � � m &(' f �

&�*
� � !

&-*� l 8 � � m �4 Y � � 8 � �
Y
� � (37)
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Fig. 2. Performanceof the Variant I permutationmodulationwith #%$'& , ('$*) , +,$.-0/�12&43 , 56$*7

It is convenient to write the coefficients � � and � � as a
function of the signal to noiseratio 8:9

Y � ! , where 8:9 �� � � � � « �F��� �� . In fact,if we set
� � �<; ��� , with

� � ; � :
a systemparameter, we obtain

� � � :5 :ö8 =�>� « =�>
� � � � � � 8^: � (38)

where

= � l :ö8?;Ím �
Y
l � � ; � « �3� m � > � 8 9� ! (39)

A few commentsareappropriatehereaboutthechoiceof
thecodeparameters.Wefirst notethat

Ë � lgÌ m is adecreasing
function of =�> , henceit is convenientto minimize = . For
fixed

� � ���3�
thebestchoiceis ;i� � , which implies

� � ��
. For a given ; anda given

0 �°��2 Y l � � 2 �F� 2�m , the best
choice for

� � ���F�
is when

� � B �F�
. This fact implies

that codeshaving codewords with higher peakto average
power ratio performbetterin fast fading.

VI I I . A ZERO FORCING DECODER FOR FAST FADING

For a fast fading channelthe ZF approachclearly rep-
resentsa suboptimalandsimplersolutioncomparedto the
ML algorithm. In order to provide a comparisonwith the

ML performance,in this sectionwe derive the analytical
expressionof its @ lgÌ m .

The ZF approachinverts the channelby computingÙ �;® f �  �; « ® f � ¯
where,for a given A o , the randomvariable

� o � Ç o Y A o is
normallydistributedwith meant o andvariance

� ! Y l 5 A � o m .
The estimate of the transmitted codeword is given by
minimizing ½ 9�7�X� Wß���V�¾�¿@À Â Ù 87 Â �
This problem can be solved by applying the decoding
algorithmfor AWGN channeldescribedin [3] thatprovides
the codeword error probability

Ë � l�Ì m÷� : « ���
f � o ¿��
' > Ï î � Ï � > Ï l � m �ûû � o ¿��g* :ö8 > Ï $ î � Ï l � m , û �

� : « ���
f �BA � « >C=

&(' ûû � l :ö8 A l � mnm &-* û �
(40)



where A l � m �
�� : « �D � � � * , and = and > are defined

in (39). In terms of complexity the ZF algorithm differs
from the ML algorithmonly in the metric computation.In
both cases,however, the complexity remainsproportional
to Ê l � TVUXW ��m .
IX. ERROR PROBABILITY FOR SLOW FADING CHANNEL

In the presenceof slow fading channelthe fading co-
efficient A remainsconstantwithin the codeword, that is � A  «3¯ where

Ç o ²^³ l Aàt"z ��� !
Y 5�m . The probability of

error is thengiven byË � lgÌ m÷� :
« ���

f � > o ¿��
' î�E Ï � > l � m
ûû � o ¿��g* :ö8 î�E Ï � > l � m û �

� :ö8 5 � �L Ó
���
f � � f � * l :ö8 A l � mnm &�* f

� �
� ���
! A � f > * A � «�A >C=

&(' û A û � (41)

where A l � m��
�� l : « � � ã l � mþm .
X. SIMULATION RESULTS

Figure 2 shows the performanceof the Variant I per-
mutation modulation with parameters� �GF , 4 � 5 ,Q �º$�H � 5 , and ; � �

, for various channels.The solid
lines areobtainedby the exact computationof (37) in the
ML fast fadingcase,andby numericalintegrationof (40)
and (41) for the ZF fast fading and slow fading cases,
respectively. The points superimposedto the solid lines
have beenobtainedby simulation.The performanceof the
AWGN caseis also shown. Notice that the ML algorithm
for fastfadingchannelprovidesa non negligible gain with

respectto the ZF approacheven at very low signal-to-
noiseratio. The performancefor the slow fading channel
is similar to the ZF fast fading case.We observe that
permutationmodulationsexhibit a modulation diversityI �75 , sincetheminimumHammingdistancebetweenany
two codewords is 2, when they are obtainedby any two
componentexchange[5]. With fastfadingthefull diversity
canbe exploited only if ML decodingis performed.

XI . CONCLUSIONS

In this paper we have presentedsome new results
on permutationmodulationsfor transmissionover fading
channels.In the case 4 �a5 we have devised an efficient
ML decoderof Variant I and II permutationmodulations
in fast fading. An exact expression for the codeword
error probability of Variant I permutationmodulationsfor
independentRayleighfading channelsis given. A similar
result is expectedfor Variant II permutationmodulations.

Futurework will concentrateon extendingtheseresults
to permutationmodulationswith 4 B 5 .
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