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Abstract—We consider a slow fading multiple-input mul-
tiple-output (MIMO) system with channel state information
at both the transmitter and receiver. A well-known precoding
scheme is based upon the singular value decomposition (SVD) of
the channel matrix, which transforms the MIMO channel into
parallel subchannels. Despite having low maximum likelihood de-
coding (MLD) complexity, this SVD precoding scheme provides a
diversity gain which is limited by the diversity gain of the weakest
subchannel. We therefore propose X- and Y-Codes, which improve
the diversity gain of the SVD precoding scheme but maintain the
low MLD complexity, by jointly coding information across a pair
of subchannels. In particular, subchannels with high diversity
gain are paired with those having low diversity gain. A pair of
subchannels is jointly encoded using a 2 X 2 real matrix, which is
fixed a priori and does not change with each channel realization.
For X-Codes, these rotation matrices are parameterized by a
single angle, while for Y-Codes, these matrices are left triangular
matrices. Moreover, we propose X-, Y-Precoders with the same
structure as X-, Y-Codes, but with encoding matrices adapted to
each channel realization. We observed that X-Codes/Precoders
are good for well-conditioned channels, while Y-Codes/Precoders
are good for ill-conditioned channels.

Index Terms—Condition number, diversity, error probability,
MIMO, precoding, singular value decomposition.

I. INTRODUCTION

‘ ‘ J E consider slow fading n; X m, multiple-input mul-

tiple-output (MIMO) systems, where channel state in-
formation (CSI) is fully available both at transmitter and re-
ceiver. Channels in such systems are subject to block fading,
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and therefore, reliability is a major concern. It is known that
precoding techniques can provide large performance improve-
ments in such scenarios by enhancing the communication relia-
bility, which is typically quantified in terms of the diversity gain
achieved by the precoding scheme.

Some state of the art precoding techniques are discussed next.
The most straightforward precoding approach is based on di-
rect channel inversion and also known as zero-forcing (ZF) pre-
coding [4]. However, it suffers from a loss of power efficiency.
Nonlinear precoding such as Tomlinson-Harashima (TH) pre-
coding [5], [6] was exploited in [7]. Linear precoders, which
involve simple linear pre- and post-processing, have been pro-
posed in [8], [9] and references therein. Despite having low en-
coding and decoding complexity, the linear precoding schemes
and the TH precoder have low diversity gain. Precoders based
on lattice reduction techniques [10] and vector perturbation [11]
can achieve high diversity gain, but at the cost of high com-
plexity. We therefore see a tradeoff between diversity gain and
encoding/decoding complexity. This motivates us to design pre-
coding schemes which for a given rate of transmission (in bits
communicated per channel use), achieve high diversity at low
encoding/decoding complexities.

In this paper, we consider SVD precoding for MIMO systems,
which is based on the SVD decomposition of the channel gain
matrix, and which transforms the MIMO channel into parallel
subchannels/streams [1], [2]. At the receiver, maximum likeli-
hood decoding (MLD) of the transmitted information symbol
vector reduces to separate ML decoding for the information
symbol transmitted on each subchannel, thereby resulting in low
ML detection complexity. The diversity gain achieved by the
SVD precoding scheme is, however, limited by the subchannel
with the lowest diversity gain. In some cases, like in Rayleigh
fading MIMO channels with n, = mn,, no diversity gain is
achieved with this simple precoding scheme.

The diversity gain of a SVD precoded system can be im-
proved by performing joint coding and joint ML detection
across a group of subchannels, as with signal space diversity
techniques in SISO Rayleigh fading channels, where multidi-
mensional lattice coding is applied to a group of independently
fading channel uses [19], [20]. Unfortunately, the complexity
of joint ML detection increases exponentially as the number of
subchannels which are jointly coded increases. Nevertheless,
we show in this paper that we can get large improvements in
achievable diversity gain by jointly coding only over pairs of
subchannels as long as they are appropriately chosen. This
approach results in a very low joint ML detection complexity,
which only increases linearly with the number of pairs.

0018-9448/$26.00 © 2011 IEEE



MOHAMMED et al.: MIMO PRECODING WITH X- AND Y-CODES

In this paper, we therefore propose codes named as X- and
Y-Codes, due to the structure of the encoder matrix, which en-
able flexible pairing! of subchannels with different diversity or-
ders. Specifically, the subchannels with low diversity orders can
be paired together with those having high diversity orders, so
that the overall diversity order is improved. The main contribu-
tions in this paper are as follows.

1) X-Codes: X-Codes are inspired by the signal space di-
versity techniques proposed in [20], based on rotated
constellations. As shown in Figs. 1(a) and 2(a), in case no
coding is performed across the two channel components
(represented by the horizontal and the vertical axes),
a deep fade along any one subchannel can result in an
arbitrarily small minimum distance between the received
codewords and hence the word error probability would
increase. This problem is effectively resolved by rotating
the 2-D codewords [see Figs. 1(b) and 2(b)]. Here, the
minimum distance between the received codewords of
a rotated constellation is larger and not vanishing even
when there is a deep fade along one of the component
subchannel. We therefore design 2-D real orthogonal rota-
tion matrices, which are used to jointly code over pairs of
subchannels, without increasing the transmit power. Since
these matrices are effectively parameterized with a single
angle, the design of X-Codes primarily involves choosing
the optimal angle for each pair of subchannels. The angles
are chosen a priori and do not change with each channel
realization. This is why we use the term “Code” instead of
“Precoder”. The optimization of angles is based upon min-
imizing the average word error probability (i.e., averaged
over the channel fading statistics) of the transmitted infor-
mation symbol vector. At the receiver, we show that the
MLD can be easily accomplished using 7, low complexity
2-D real ML decoders. Consider a pair of subchannels
with subchannel gains A; > Ay > 0. It is shown that
when a pair of subchannels is well conditioned (i.e., A1 /Ao
close to 1), X-Codes have better error probability perfor-
mance than that of other precoders. However, the error
probability performance of X-Codes worsens when the
pair of subchannels is ill conditioned (i.e., A\1/Aa > 1).
This can be explained as follows. When the subchannel
pair is ill-conditioned, the error probability performance
for the pair is determined primarily by the minimum
Euclidean distance between the received codewords along
the stronger subchannel component (). However, with
the rotated constellation, the minimum received codeword
distance along the stronger subchannel component may
not be large enough, resulting in degradation of error
performance in ill-conditioned channels. This along with
the aim of further reducing the ML detection complexity,
motivates the idea of Y-Codes.

2) Y-Codes: In a SVD precoded MIMO channel, the sub-
channel gains are the ordered singular values of the SVD
decomposition of the MIMO channel gain matrix. By
pairing these subchannels, it is obvious that in each pair,
one of the subchannels is stronger than the other. It is

IPairing of two subchannels refers to joint coding of information symbols
across the two subchannels.
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therefore intuitive that, the codewords be chosen so that
the minimum Euclidean distance between the received
codewords along the stronger subchannel component is
larger than the minimum Euclidean distance along the
weaker subchannel component. By doing so, the code de-
sign can make use of the total constrained transmit power
to achieve a minimum received codeword Euclidean dis-
tance greater than that achieved with rotated constellations
used in X-Codes. Y-Codes are designed based on this
intuition, with the codewords forming a subset of a 2-D
real skewed lattice [see Fig. 1(c)]. It can be seen that
for the same rate (i.e., same number of equi-probable
codewords), same transmit power constraint P = 1 and
subchannel gains (A\; = 1, Ay = 1/4), Y-Codes achieve a
greater minimum Euclidean distance between the received
codewords when compared to X-Codes. Also, through
simulations, we show that in ill-conditioned channels,
Y-Codes have better error performance when compared to
X-Codes. Y-Codes are parameterized with two parameters
related to power allocated to the two subchannels. These
parameters are computed so as to minimize the average
error probability. The MLD complexity is the same as that
of the scalar subchannels in linear precoders [8], [9] and
is less than that of the X-Codes, while the performance of
Y-Codes is better than that of X-Codes for ill-conditioned
channel pairs.

3) X-, Y-Precoders: The X- and Y-Precoders employ the same
pairing structure as that in X-, Y-Codes. However, the code
generator matrix for each pair of subchannels is adaptively
chosen for each channel realization. Through simulations
it is observed that the average error performance of X-
and Y-Precoders is marginally better than that of X- and
Y-Codes.

Through average error probability analysis we show that,
indeed, pairing of MIMO subchannels results in significant
improvement in the overall diversity gain. The analytical results
are also supported by numerical simulation. The simulation
results have been reported in Section VI, from where it is clear
that pairing of subchannels does indeed result in a higher diver-
sity gain, when compared to the simple SVD precoding scheme
(e.g., in Fig. 8, the error probability slope of the proposed
X-,Y-Precoders is higher than the first order slope (no diversity
gain) achieved by the linear precoders). Further, in Section VI,
the error probability performance of X-,Y-Codes/Precoders has
been shown to be better when compared to that of the other
precoders reported in literature.

Pairing of good and bad (in terms of achievable diversity gain)
subchannels has also been proposed in [12]. Despite having the
same pairing structure, the proposed X- and Y-Codes/Precoders
differ significantly from the E-dmin precoder proposed in [12]
due to the fact that i) The encoder matrices for each pair are
real-valued in case of X-,Y-Codes, as compared to being com-
plex valued in the E-dmin precoder. This results in the ML de-
tection for each pair to be over a 4-D real search space in case
of the E-dmin precoder, as compared to only a 2-D real search
for the proposed X- and Y-Codes, ii) The E-dmin precoder pro-
posed in [12] was optimally designed only for 4-QAM. In [12],
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Fig. 1. Signal space of four 2-D codewords used to jointly code across two
subchannels (horizontal and vertical). The average transmit power constraint is
Pr = 1. The codewords are represented by solid dots.

the optimal precoder design for higher order QAM could not be
performed due to prohibitive complexity. In contrast, the pro-
posed X- and Y-Codes are not designed for a specific modu-
lation alphabet size, and are therefore more general than the
E-dmin precoder, and iii) Through simulations it is observed
that, with 4-QAM as the modulation alphabet, Y-Precoders have
a similar bit error probability performance as the optimally de-
signed E-dmin precoder. With higher order modulation alpha-
bets (i.e., which achieve a rate higher than what is achieved with
4-QAM), Y-Precoders have a bit error probability performance
significantly better than the E-dmin precoder.

The rest of the paper is organized as follows. Section II in-
troduces the system model and SVD precoding. In Section III,
we present the pairing of subchannels as a general coding
strategy to achieve higher diversity order in fading channels. In
Section IV, we propose the X-Codes and the X-Precoders. We
show that ML decoding can be achieved with n,. 2-D real ML
decoders. We also analyze the error probability performance
and present the design of optimal X-Codes and X-Precoders.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 57, NO. 6, JUNE 2011

No Code

2
d = 0,?3‘1 3 .

v 4

X-Code

Y-Code

(©

Fig.2. Signalspace of the received 2-D codewords. The gains of the hortizontal
and vertical subchannels are A; = 1 and X\» = 1/4 respectively. d2; is the
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minimum Euclidean distance between any two received codewords. The code
parameters for X and Y-Code are optimized w.r.t. maximizing d2

min*

In Section V, we propose the Y-Codes and Y-Precoders. We
show that they have very low decoding complexity. We ana-
lyze the error probability performance and derive expressions
for the optimal Y-Codes and Y-Precoders. Section VI shows
the simulation results and comparisons with other precoders.
Section VII discusses the complexity of the X-, Y-Codes/Pre-
coders in comparison with other precoders. Conclusions are
drawn in Section VIIL

Notations: Superscripts 7, T, and * denote transposition,
Hermitian transposition, and complex conjugation, respec-
tively. The n x n identity matrix is denoted by I,,, and the
zero matrix is denoted by 0. E[-] is the expectation operator,
|| - || denotes the Euclidean norm, and | - | denotes the absolute
value of a complex number. The set of complex numbers, real
numbers, nonnegative real numbers, and integers are denoted
by C,R,R™ and 7 respectively. Furthermore, |c| denotes the
largest integer not greater than c. Finally, we let R( - ) and $( -)
denote the real and imaginary parts of a complex argument.
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II. SYSTEM MODEL AND SVD PRECODING

We consider a slow fading n; x n,. MIMO (n, < n;), where
the channel state information (CSI) is known perfectly at both
the transmitter and receiver. Let X = (z1,...,7,,)T be the
vector of symbols transmitted by the n; transmit antennas in one
channel use, and let H = {h;;},i = 1,...,n,,5 = 1,...,ny
be the n, x n; channel coefficient matrix, with h;; as the com-
plex channel gain between the j-th transmit antenna and the
i-th receive antenna. The standard Rayleigh flat fading model
is assumed with h;; ~ N.(0,1), i.e., ii.d. complex Gaussian
random variables with zero mean and unit variance. Rayleigh
fading is one of the most common fading statistic used for the
performance analysis of fading wireless channels. Nevertheless,
improving diversity gain by pairing subchannels can be applied
to any fading channel irrespective of its statistic. The received
vector from the n, receive antennas is given by

y=Hx+n €))

where n is a spatially uncorrelated Gaussian noise vector such
that E[nn'] = NI, .

Let the number of information symbols transmitted per
channel use be ns(ns < n,). For every channel use, b infor-
mation bits are first mapped to the information symbol vector
u = (u,...,u, )T € C", which is then mapped to the data
symbol vector z = (z1,...,2,. )7 € C" using a ny X n,
encoding matrix G

z=Gu+u’ 2)
where u® € C™ is a displacement vector used to reduce the
average transmitted power.

Let T be the ny X ng precoding matrix which is applied to
the data symbol vector to yield the transmitted vector

x =Tz. 3)

It is obvious that the error performance is dependent on the
precoding scheme (i.e., choice of T', G and u®). Therefore for
optimal error performance, T, G and u® are generally derived
from the knowledge of H available at the transmitter. The trans-
mission power constraint is given by

E[llx]”] = Pr 4

and we define the SNR as

For the precoding schemes discussed in this paper, the rate
and diversity gains are defined as follows. The rate R is defined
as the number of information bits transmitted every channel use
(bits-per-channel-use or bpcu). Since exactly b bits are trans-
mitted every channel use, it is obvious that R = b bpcu. For
defining the achieved diversity gain/order 6, let P(H, ) be the
word error probability of u for a given channel realization H
and a given SNR. Further, the average word error probability,
i.e., word error probability of u averaged over the channel fading
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statistics is P(y) = Eu[P(H,~)]. The diversity gain/order is
defined as

A .. —logP(y)

6 = lim (5)
log ~y

'\/—)OO
Note that this is the classical definition of diversity order, where
the rate R is fixed for increasing SNR. This definition of rate
and diversity is therefore different from that of Zheng and Tse
(31>

Remark 1: Since we consider slow fading MIMO channels,
transmissions are subject to block fading, and therefore diversity
gain is the relevant metric to be considered. In case of fast fading
MIMO channels, ergodic capacity is the relevant metric. In [21],
we have demonstrated the superiority of X-Codes based pre-
coder, in achieving a higher capacity than Mercury/waterfilling
when information symbols belong to a discrete alphabet. [ |

The proposed X-, Y-Codes can be used to improve the
error probability performance of the SVD precoding tech-
nique, which is based on the singular value decomposition
of the channel matrix H = UAV, where U € Cn-X"r,
A € CXnr Vo€ C™ X", such that UUT = VVT =T,
and A = diag(\1,..., A\, ) is the diagonal matrix of singular
values, with Ay > Ao --- > A, > 0 [1], [2].

Let V € C™*™ be the submatrix with the first n, rows of
V. The standard SVD precoder uses

T=V!
G=1,,
uw=0 (6)
and the receiver gets
y=HTu+n. @)

Let U € C™ X" be the submatrix with the first ng columns of
U. The receiver computes

r=Uly=Au+w 8)

where w € C"+ is still an ugcorArelated Gaussian noise vector
with Efww'] = NoIL,., A = diag(A1,A2,...\,.), and
(r1,...,7n.)T. The SVD precoder therefore transforms

the MIMO channel into n, parallel subchannels/streams

r =

i=1,... n )

ri = Aju; + w;

with nonnegative fading coefficients ;.

The channel gain of the k-th subchannel is the k-th singular
value of the channel matrix denoted by A\i, £ = 1,2,...n;.
Due to the ordering of the singular values during SVD decom-
position, it is assumed that A\; > A2 ... > A,,. For the SVD
precoder, it is also known that the diversity order achieved by the
k-th stream alone (i.e., asymptotic slope of the averaged error
probability for the information symbol uy, w.r.t. y) is dependent
upon how the probability density function (p.d.f.) of A; behaves

2Since the rate R is fixed with increasing , this actually corresponds to the
point on the diversity multiplexing gain tradeoff curve with the multiplexing
gain as zero.
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around A\, = 0 [14], [15]. In both [14] and [15], it is shown
that if the p.d.f. of Ay is p(Ar) = cxdp ™™D + o(A, (4~ 1)
for A, — 0%, then dj would be the diversity order of the k-th
stream3 For an i.i.d. Rayleigh faded n; x n, MIMO channel,
the p.d.f. of the k-th singular value (around A\, = 0) is p(Ag) =
ck)\k(nrfk+1)(nt7k+1)fl + O(Ak(nrfk+1)(nifk+1)fl) [14].
Therefore, the diversity order achieved by the k-th stream is
dr = (n. — k + 1)(ny — k + 1). Hence, the lowest diversity
order is achieved by the k = m,-th stream. Similar results are
also reported in [16].

When viewed as a single transmission system rather than mul-
tiple subchannels/streams, the overall4 average word error prob-
ability of the information symbol vector u is dominated by the
weakest subchannel [17], [18]. Due to the ordering of the sin-
gular values, it follows that the n-th subchannel is the weakest.
Hence the overall diversity order achieved by the SVD precoder
is (n,. —ngs 4+ 1)(nt — ns + 1). Further it is known that, the the-
oretical limit on the achievable overall diversity order is n,.n;.
The SVD precoding scheme can achieve this limit only when
ns = 1. This would, however, imply that, in order to achieve a
target rate of R bpcu, the only transmitted symbol (since ns =
1) must belong to some discrete signal set with 2% complex
symbols and an average symbol energy of Pr. In contrast, with
ns = min(n,,n;), the overall diversity order is much lower
than the theoretical limit5, but at the same time each informa-
tion symbol is constrained to belong to some signal set with only
2ft/m: complex symbols with an average energy of Pr/n. For
the SVD precoding scheme, even though full MIMO diversity is
achieved with ny = 1, it is expected that at moderate SNR, the
error probability performance achieved with ns = min(n¢,n,.)
is better than the error probability performance achieved with
ns = 1. A simple example with square QAM modulation sym-
bols can illustrate this intuition. The error probability at mod-
erate to high SNR is dependent upon the minimum Euclidean
distance between the received codewords, which is related to
the minimum Euclidean distance between the transmitted code-
words. We therefore compare the minimum Euclidean distance
between the transmitted codewords, for both the transmission
scenarios (i.e., ns = 1 and ns = min(n,,n;)), for a given
rate R and average transmit power Pr. With n, = 1, only one
square complex 2%-QAM information symbol is transmitted,
and therefore the minimum Euclidean distance is 6 Py /(2% —1).
On the other hand, with ny = min(n,,n:) = n,,n, square
complex 2%/™»-QAM symbols are transmitted per channel use,
and the minimum Euclidean distance between the transmitted
codewords is GPT/(nSQR/"T —1)). For R > 0 and n, >
1,(2% — 1) > n(2®/m» — 1), and therefore it follows that
6Pr/(n(27= — 1)) > 6Pp/(2% — 1). Hence, at moderate
SNR, the SVD precoding scheme with n; = min(n,., ;) is ex-
pected to have an error probability performance better than the
SVD precoding scheme with ns = 1. Through simulations we
have observed that, indeed at moderate SNR, the SVD precoding
scheme with ny; = min(n,,n;) achieves a better error prob-
ability performance compared to the SVD precoding scheme

3Any function f(x) in a single variable z is said to be o(g(z)) i.e., f(z) =
o(g(x)) if f%(% — Oasa — 0.

4In this paper, the word “overall” used in which ever context, applies to the
whole information symbol vector u.

SNote that when n,. = n; = n,, the diversity order achieved is only 1.
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with ns; = 1. Based on the above discussion, it can be conjec-
tured that, the SVD precoder is not the best precoder in terms of
being both power efficient and achieving high diversity gain at
the same time.

We next formally discuss as to how to compare different pre-
coding schemes, and the same shall be used throughout this
paper. Let P4 and Pp be two precoding schemes. If the diver-
sity order achieved by these two precoding schemes is different,
then it is obvious that the precoding scheme which achieves a
higher diversity order will obviously have a lower error proba-
bility asymptotically as 7y — oo. Therefore at high SNR, the non
trivial scenario is when both the precoding schemes achieve the
same diversity order. For a given fixed target rate of I? bpcu, and
an overall diversity order of § = d, denoted by the pair (R, d)
and achievable by both precoders, let the asymptotic coding gain
in the error performance of P4 w.r.t. that of Pp be defined as

A
Ygap (R, d) =

lim
YA ¥B— | Pe(PA,vA)=Pe(PR.vB)

vB/v4.  (10)
In (10), P.(Pa4,~va) refers to the word error probability of the
precoder P4 at a SNR of 4. A similar definition holds true
for P.(Pg,vB). If Ygap(R,d) > 1, the precoder P4 is said
to be better than Pp for the given (R, d). This also means that
the precoding scheme P4 is more power efficient than scheme
P for the given (R, d). For a given d achievable by both the
precoders, if fygap(R, d) > 1 for all possible values of R, then
precoder P4 is said to be universally better than precoder Pp
for the given diversity order d. For a given diversity order d,
we can then define the best precoder to be the one which is
universally better than all the other precoders with the same
diversity order of d.

It would be of theoretical interest to find the best precoder for
a given achievable diversity order d. Though in theory, the max-
imum possible achievable diversity order is n,-n, it is likely that
the precoders achieving d = n,.n;, would also require highly
complex ML detection at the receiver. With Rayleigh fading, at
SNR values of interest, we have observed that even for moderate
values of (n,.,n¢), the error probability slope corresponding to
the maximum diversity order d = n,.n; is only marginally better
than that of a precoding scheme which achieves a diversity order
slightly less than n,n;. For example, with n,, = n; = 4, it
is observed that the error probability slopes for the first and
second subchannels (with gains A; and A2) are almost similar at
SNR values of interest. Therefore from a practical standpoint, it
would be of interest to design precoding schemes which have a
low complexity ML detector, can achieve sufficiently high di-
versity order, and which are almost as power efficient as the
best precoder. In this paper, we present two precoders, X- and
Y-Codes, both of which are shown to achieve high diversity
order with low complexity ML detection. Y-Codes have an even
lower ML detection complexity and better error probability per-
formance than X-Codes.

III. PAIRING GOOD AND BAD SUBCHANNELS

Without loss of generality, we consider the SVD precoding
scheme with even n, and n, = n,. In this section, we moti-
vate the pairing of subchannels as a low complexity technique
to improve the overall diversity order. This pairing is inspired
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from the use of rotated constellations in SISO fading channels
to achieve modulation coding diversity [19], [20]. The idea is to
jointly code over a set of /n information symbols, and transmit
the coded information symbols over mn different channel realiza-
tions (in frequency or time). This coding scheme guarantees a
nonzero minimum distance between the transmitted codewords
along any of the m component channels even in case of deep
fades. Since the additive noise is Gaussian, a ML detection error
would only happen when the minimum Euclidean distance be-
tween the received codewords is small. Due to a nonzero min-
imum Euclidean distance between the received codewords along
any component channel, the minimum Euclidean distance be-
tween the received codewords is small only when all the com-
ponent channels experience deep fade. Since the event of all the
m component channels undergoing deep fade is less probable
than a single channel undergoing deep fade, it can be concluded
that the joint coding scheme with ML detection would result
in improvement of the diversity order. Note that with the joint
coding scheme, an m-fold diversity gain is fully achieved with
ML detection whose complexity increases rapidly with m [19].

In order to keep the ML detection complexity low, we restrict
to m = 2, and perform joint coding over pairs of subchannels
of the MIMO channel. In particular, a pair of information sym-
bols is jointly coded, and one of the two coded symbol is be
transmitted on the stronger subchannel whereas the other coded
symbol is be transmitted on the weaker subchannel.

With a MIMO channel, since the subchannel gains are not
i.i.d., the system is different from the SISO scenario discussed
in [19], [20]. With MIMO subchannels, due to the ordering of
the singular values, in any given pair of subchannels, one of
the subchannels is always stronger than the other one. Due to
this fact, an error will always happen if there is a deep fade in
the stronger channel (since this automatically implies that the
weaker channel is also in deep fade). This then implies that the
maximum possible diversity order that can be achieved, when
coding over a pair of MIMO subchannels, is indeed the diver-
sity order achieved by transmitting only on the stronger sub-
channel®. Therefore when pairing MIMO subchannels, as long
as the minimum distance between the transmitted 2-D code-
words is nonzero along the stronger subchannel component, the
joint coding scheme is guaranteed to achieve the maximum pos-
sible diversity. This is different from the case of SISO Rayleigh
fading channels, where in order to achieve maximal diversity,
the minimum distance between the codewords must be nonzero
along all component channels [19], [20].

The pairing of subchannels is achieved as follows. The matrix
G € C"*"r is used to pair different subchannels in order to
improve the overall diversity order. The precoding matrix T €
C™*"r and the transmitted vector x are given by

T=V x=V(Gu+u). (11)

Let the list of pairings be (ix,jr) € [1,n.] x [1,n.],k €
[1,n,./2] and i < ji. On the k-th pair, consisting of sub-
channels 7 and j, the information symbols u;, and u;, are
jointly coded using a 2 X 2 matrix A. In order to reduce the

6In the case of i.i.d. SISO channels, it is possible to achieve a diversity order
greater than the diversity order of any of the component channels.
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ML decoding complexity, we restrict the entries of Ay to be
real valued. Each Aj, £ {aki;},4,5 €[1,2],1s a submatrix of
the code matrix G as follows:
= Qk,1,1 = 0k,1,2

iy ik Girje

i ie = Ok,2,1 (12)

Gjrodr = k2,2

where g; ; is the entry of G in the 4-th row and j-th column.

Both the proposed X- and Y-Codes achieve diversity im-
provement by jointly coding over a pair of subchannels. The
only difference is in the structure of the linear code generator
matrix Ay, for the k-th pair. In the case of X-Codes, 2-D real
rotation matrices are used, whereas for Y-Codes, the code
generator matrix has a upper left triangular structure. Also,
there are finitely many ways to pair the subchannels, and as
we shall show later, one pairing which is optimal in terms
of the achievable overall diversity, is to pair the k-th and the
(n, — k + 1)-th subchannel. When this pairing is represented
in matrix form, the code matrix G has a cross-form structure,
and hence the name X-Codes. With Y-Codes, the right bottom
entries of the code generator matrices Ay for each pair is 0,
and hence G appears like the letter “Y”.

For example, with n,. = 6, the X-Code structure is given by

a1,1,1 a1,1,2
a2.1,1 a2,1,2
as1,1 @312
G = o1 )Ly
az21 @322
a2,2,1 a2,2,2
a1,2,1 a1,2,2
(13)
and the Y-Code structure is given by
a1,1,1 a1,1,2
a2.1,1 a21,2
as,1,1 G312
G = L, L
a3,2,1
a2 21
a1,2.1
(14)

Let u, = [uik,ujk]T denote the k-th information pair. Due
to the transmit power constraint in (4), and uniform transmit
power allocation between the 7,. /2 pairs, the encoder matrices
A, must satisfy

2
E[|[Awuw +ul|’] =2Pr/n, kb =1,2,...0,/2

15)

The expectation in (15) is over the distribution of the infor-

mation symbol vector u;, and u} is the subvector of the dis-

placement vector u® for the k-th pair. The matrices A}, for X-

and Y-Codes can be either fixed a priori or can change with

every channel realization. The latter case leads to the X- and

Y-Precoders.

A. ML Decoding

Given the received vector y, the receiver computes

r=Uly — Au’. (16)
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Since u® is a deterministic function of the channel state, it is

known to both the transmitter and receiver. Using (1) and (11),
we can rewrite (16) as

r=AGu+w =Mu+w 17
where M 2 AG is the effective channel matrix and w = U'tn
is a noise vector with the same statistics as n. Further, we let

a T
Ty = [Tik7Tjk]
N T

Wi = [wi, wj, ]
Let M;, € R?>*2 denote the 2 x 2 submatrix of M consisting
of entries in the 4, and j; rows and columns. Then (17) can be
equivalently written as

rr = Miug + wy, k:l,...,nr/2. (18)
Also, let R(uy), S(ug) € Sk, where S, is a finite signal set in
the 2-D real space.

The rate R is then given by

ny/2

R=2 Z log, (|Sk)
k=1

19)

Also, let Sg 2 S X Sy
product of the finite signal sets Sy,
R(u),S(u) € Sg.

From (18), it is also clear that the ML decoder for u reduces
to independent ML decoders for each ug. Further, the ML de-
coding for the k-th pair can be separated into independent ML
decoding of the real and imaginary components of ug, i.e.,

X 8, /2 be the Cartesian
k=1,2...n,/2, then

R(ty) = arg  min || R(rx) — MpR(w)|>  (20)
R(ur)ESK
and
J(ay) =arg  min  ||S(re) — MeS(w)|> 21
S(uk)esk

where flk = (ﬁk717@k72)T
the k-th pair.

Further, let @ = (41, U2, - - - Uy, )T denote the detected infor-
mation symbol vector u. The entries of 1 are composed of the
n,/2 ML detector outputs @i, k=1,2,...n,/2, as follows.

is the output of the ML detector for

’l]zk :ﬂk717ﬂjk :’&k72 k:1,27...nr/2. (22)

B. Performance Analysis

For a given channel realization H, the word error probability
(WEP) for the k-th transmitted information symbol pair is given
by

Pk(H) = Prob(ﬁk 7é uy |uk,H).

1
|Sk|? Z
R(ur),S(uk)ESk
(23)
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The overall average word error probability for the information
symbol vector u is given by

P(H) = Prob(u # u|u,H). (24

1
I

R(u),I(u)eSr

For a given channel realization H, the transmitted informa-
tion vector u is not in error if and only if none of the pairs of
information symbols u;, k& =1,2,...n,/2 are in error. Fur-
ther, since the additive receiver noise for each pair is indepen-
dent, we have

n,/2
PE)=1- J[ (1 - Pu(H)).

k=1

(25)

The overall word error probability for the information symbol
vector u, averaged over the channel fading statistics, is given by
A
P £ En[P(H)]. (26)
Similarly, the average word error probability for the k-th pair is
given by
A
P, = Eg[PL(H)]. (27)
From (20) and (21), we see that for a given channel realiza-
tion H, the WEPs for the real and the imaginary components of
the k-th pair are the same. Therefore, without loss of generality
we can analyze the WEP only for the real component, which is
given by
/ 1
P.(H) = m Z Prob(R(tx) # R(ug)|R(ug), H).
R(uy)ESk
(28)

Since the additive receiver noise on the real and imaginary
components of each pair are i.i.d., it follows that P,(H) =
1 — (1 — P(H))2 Let P(R(u;)) 2 Eg[Prob(R(iy,) #
R(ug) | R(ug), H)], then the average word error probability of
the real component of uy, is then given by

|Zpk uk

R(ur)

Pk = [EH[Pk (29)

where P, (R(u)) has to be evaluated differently for X-,
Y-Codes and X-, Y-Precoders. To explain this difference we
need the following definitions.

For a given channel realization, and therefore deter-
ministic values of A;, and A;, for the k-th pair, we let
P, (R(ux), Mi,, Aj,, Ax) denote the error probability of ML
detection for the real component of the k-th channel, given that
the information symbol uy was transmitted on the k-th pair.
For X-, Y-Codes, the matrices Ay, are fixed a priori and are not
functions of the deterministic value of subchannel gains, and
therefore, P, (R(uy)) is given by

Pu(R(u)) = Eqr,, ) [Pr(R(uy

)7Ai;\.7)‘j1\-7Ak)]~ (30)
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We observe that P, (R(uy,)) is actually a function of A and
therefore the optimal error performance is obtained by mini-
mizing (29) over Aj. Thus, the optimal matrix for the k-th pair
is given by

Azpt = argn&if Z lE(Aik,ijk,)[Pk(é}a(uk)7 Xigs A, Akl
R(ur)
€1y

The minimization in (31) is constrained over matrices Ay
which satisfy (15). The corresponding optimal average word
error probability for the real component of the k-th pair is given
by

ESR(uk) IE()‘% 7)‘J'lc) |:P’; (%(uk)’ )\ik ’ )\jk ’ Azpt):|
|Sk| '

Pk opt —
(32)

For the X-, Y-Precoder, the matrices Aj are chosen adap-
tively every time the channel changes. For optimal error perfor-
mance, the matrices A, are chosen so as to minimize the error
probability P, (H) for a given channel realization H. The op-
timal encoding matrix for the k-th pair is then given by

AP (N Aj,) = argmin Po(R(ur), Aiy s Ajy s Ag).
Ay
R(uy)
(33)

The minimization in (33) is constrained over matrices A which
satisfy (15). Therefore, with X- and Y-Precoders, the optimal
average word error probability for the real component of the
k-th pair is given by (34), as shown at the bottom of the page.
Comparing (34) and (32), we immediately observe that the op-
timal error performance of X-, Y-Precoders is better than that
of X-, Y-Codes.

Our next goal is to derive an analytic expression for P,;. We
shall only discuss the derivation for X-, Y-Codes, since the error
performance of X-, Y-Precoders is better than X-, Y-Codes and
therefore they achieve at least as much diversity order as X-,
Y-Codes.

Getting an exact analytic expression for P,; is difficult, and
therefore we try to get tight upper bounds using the union bound.

Let {R(ur) — R(vy)} denote the pairwise error event that,
given uy, was transmitted on the k-th pair, the real part of the ML
detector for the k-th pair decodes in favor of some other vector
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R(vy). Further, let us denote the corresponding pairwise error
probability (PEP) by P, (R(u;) — R(v4)). Using the union
bounding technique, P,;(§R(uk)) can be upper bounded by the
sum of all the possible pairwise error probabilities. From (29),
it is clear that this upper bound on P, (®(u;)) induces an upper
bound on P,;, which is given by

dséjz S PRw) - R(vi). (39)

R(up) R(vie)#R(ur)

Due to Gaussian noise, this can be further written as shown in
(36), found at the bottom of the page, where

dR (R(up), R(vi), Ag) 2 [[Me(R(wg) = R(vi))|
(37)

and

a1 > —t2/2
= — e dt.
V2 /gc

The expectation in (36) is over the joint distribution of the
channel gains (), Aj,). The joint p.d.f. of the ordered
eigenvalues of H'H is given by the well-known Wishart
distribution [13]. However, evaluating the expectation over
(Niys A, ) in (36) is still a difficult problem except for trivial
cases (like n,, = ny = 2). We therefore try to lower bound
d2 (R(ug), R(v), Ax)with a quantity depending only on \;, .
Since A\;, > Aj, > 0, using the definition of M and My, we
have

Q(x) (38)

AR (R(ur), R(ve), Ax) > A7 di (R(ug), R(vi), Ax)  (39)

where we define the generalized pairwise distance between the
vectors R(uy) and R(vy) as

2 (R(ur), R(vi), Ap) 2 €2, (40)
and
er 2 Ap(R(ug) — R(vi)) = [exn, ex.] (41)

and we let e, 1 denote the first component of the 2-D vector ey,.
We further define the generalized minimum distance as follows:

gr(Ay) = dp(R(ug), R(vi), Ag).

min

42)
R(up)#R(vi) (

The following theorem gives an upper bound to P,; based on the
union bounding technique discussed above.

Pk opt —

Zé}e(uk) |E(>‘1]\. Adk) |:PI; (éR(uk)v )‘ik ; )\jk ’ AZpt()‘ik ’ )‘jk ))i|

34
|Sk| G

!

4 (R(ur) R(ve),Ax)
Z%R(u;\,) Z%}Q(vk)#?}?(u;\.) E |:Q (\/ 2Ny >:|

-
IN

36
|Sk| 56)
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Theorem 1: An upper bound to P,; as y — oo is given by

A R
gre(Ak)
where
A _ )
Ok = (ne — ik +1)(ny — ik + 1)
e 2 M((2t5k—1) ...5-3-1).
26

and the coefficients C'(m),1 < m < min(n,,n;) are defined
in [15].
Proof: See Appendix A. ]

The diversity order achievable by the k-th pair is given by

—log Py,

dp 2 lim
log~y

y— 00

(44)

Asy — 00, P(H) = 1—(1— P, (H))? < 2P, (H). Therefore,
P < 2P,;. Using this fact and (43), the diversity order achiev-
able by the k-th pair is lower bounded as

di > 6. (45)
Let the overall diversity order be defined as
log P
bord 2 lim o8 (46)
y—oo logry

The following theorem gives a lower bound on the overall
achievable diversity order.

Theorem 2: A lower bound on the overall achievable diversity
order is given by

Oord > mkin Ok. a7

Proof: See Appendix B. [ |

Remark 2: A similar fact has been stated without proof
in [17], where it is mentioned that with multiple subchan-
nels/streams, the overall error probability at high SNR is
dominated by the error probability of the subchannel having
the lowest diversity gain. It is then concluded that the overall
diversity order is equal to the diversity order of the subchannel
having the lowest diversity gain. ]

The bound on the overall diversity order 6,4, given by (47),
also holds for the X-, Y-Precoders. This is so because, for each
channel realization H, X- and Y-Precoders could choose the
encoding matrices to be the same as the matrices designed for
X-,Y-Codes.

C. Design of Optimal Pairing
From the lower bound on §,,.4 (given by (47)) it is clear that

the following pairing of subchannels

iv=Fk, jr=n.—k+1 (48)
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achieves the following best lower bound:
. Ny
Sora 2 (75 +1) (me= 5 +1).

Remark 3: Note that this corresponds to a cross-form gen-
erator matrix G, and is not the only pairing for the best lower
bound. Also, we note that the overall diversity order improves
significantly, when compared to the case of no pairing. As an ex-
ample, with n,. = n; = n, the overall diversity order achieved
with the proposed pairing structure is (7,./2 + 1)? as compared
to an overall diversity order of only 1, when no pairing of sub-
channels is performed. It can be shown that, if only ns (ns even)
out of the n,. subchannels are used for transmission, the lower
bound on the overall achievable diversity order with the pro-
posed pairing structure is (n, — % + 1)(ny — % + 1). [ |

For X- and Y-Codes, although it is hard to compute A **
in (31), we can compute the best Ay, denoted by A}, which
minimizes the upper bound on P’ in (43). We then have

gr(Ak)
2Pr

(49)

A} =arg max (50)

Ak [E[|Agugtud |2]=21

s

Using (43), (48), and (50), we obtain

2Pr
gr(A7)

&5 ) i
Py < e (|Sk] — 1) [ } Y% fo(yTt)  (S1)

where 67 £ (n, — k + 1)(n, — k + 1).

IV. X-CODES AND X-PRECODERS

A. X-Codes and X-Precoders: Encoding and Decoding

For X-Codes, each symbol in u takes values from a reg-
ular M?2-QAM constellation, which consists of the Cartesian
product of two M-PAM constellations S 2 {r(2i — (M —
1))]i = 0,1,...(M — 1)} used on the real or the imagi-
nary components of two subchannels (i.e., S = S? for k =
1,2,...,n,/2). The scaling factor 7 is defined as

A 3FE,
T\ 22 -0
and
P
E,=-L
Ny

is the average symbol energy for each information symbol in
the vector u. Gray mapping is used to map the bits separately
to the real and imaginary component of the symbols in u. We
impose an orthogonality constraint on each Ay (in (12)) and
conveniently parameterize it with a single angle 0,

cos(f)  sin(f)

Ak = —sin(fr) cos(br)

(52)

where k = 1,...n,/2. Wenotice that 1) since A, is orthogonal,
G is also orthogonal; 2) for X-Codes we fix the angles 0y a
priori, whereas for the X-Precoders we change the angles for
each channel realization; 3) we can fix u® in (2) to be the zero
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Fig. 3. One quadrant of the set Sy, for M = 2,4 (4,16-QAM modulation). The critical angles where performance degrades severely are shown to coincide with

tan='(—p/q).

vector, since to the orthogonality of G preserves the QAM shape
of the signal set.

From (20) and (21), it is obvious that two 2-D real ML de-
coders are needed for each pair. Since there are n,./2 pairs,
the total decoding complexity is n,- 2-D real ML decoders. For
X-Codes, the matrices My, in (20) and (21) are given by

Aip cos(0g)  Ag, sin(6g)

M, = —Ajsin(fk)  Aj, cos(b) |

(53)

B. Optimal Design of X-Codes

In order to find the best angle §; for the k-th pair, we at-
tempt to maximize the generalized minimum distance g (Ay)
(defined in (42)) under the transmit power constraints.

For X-Codes, the difference vector between the real compo-
nents of any two information vectors R(uy) and R(vy,) for the
k-th pair is given by

6F
M?z-1

R(uy) — R(vy) = (p,a)",(p.q) €S (54)

where

Sar = {(p.a)lIpl.lal € [0, (M —1)],  (p.q) # (0,0)}.

The set Sy for M = 2 (4-QAM) and M = 4 (16-QAM) is
shown in Fig. 3. Using (54) in (40), the generalized pairwise
distance between $(uy) and R(vy) is given by
6 Pr
n.(M? —1)
x (pcos(fy) + gsin(f))>.

dp(R(ug), R(vi), Ag) =

(55)

Since Ay is parameterizable with a single angle 6, we shall
rename the generalized minimum distance in (42) by

gk (01, M) 2 gi(Ag)

6Pr min, g es,, (p° + %) cos? (01, — ©p.q)

n.(M?2 — 1)
(56)
where
A -1(4
Pp,q = tan <—> .
P.q P
Using (50), the best 6y, denoted by 67, is given by
07 =arg max min (p®+ ¢*)cos? (O — ¢pq)- (57

0, €[0,%] (p,9)ESM

Following (51), the best achievable upper bound for P,; is given
by

.
(MZ — 1)7LT:| k _52' _&*
—_— i k).
sa@n) T T

(58)

Py < (M? = 1)cg [

Remark 4: 1t is easily shown by the symmetry of the set Sys
that it suffices to consider 6, € [0, 7] for the maximization in
(57). The min-max optimization problem does not have explicit
analytical solutions except for small values of M, for example
M = 2. But since the encoder matrices are fixed a priori, these
computations can be performed off-line only once. [ |
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— B — Monte Carlo Simulation |
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Fig. 4. Union bound for word error probability. n,. = n, = 2 and M = 2 (4-QAM) modulation.

For small MIMO systems, such as 2 x 2, it is possible to get
a tighter upper bound by evaluating the expectation in (36) over
both singular values. P; is then upper bounded as

(70/81)(M? —1)* 4

P{ S Z 2 . 6/ 2 3 y
(p,q)ES M M (pCOS(el) + qsm(61)) (p +q )

+o(v™*) (59

where 6 is the angle used for the only pair. For larger MIMO
systems, it is preferable to use the inequality in (39) involving
only one singular value, since evaluating the expectation con-
taining two singular values becomes very tedious. In Fig. 4, we
compare the word error probability of a 2 x 2 MIMO system
with that given by (59), and observe that the union bound is in-
deed tight at high SNR.

In Fig. 5, we plot the variation of the upper bound to the
WEP in (59) w.r.t. the angle 6; for the 2 x 2 MIMO system
with 4-QAM and 16-QAM modulation. We observe that WEP
is indeed sensitive to the rotation angle. With 4-QAM modu-
lation, the WEP worsens as the angle approaches either O or
45 degrees. With 16-QAM modulation, the performance is even
more sensitive to the rotation angle. Moreover, in addition to 0
and 45 degrees, we observe that the performance is poor, also
when the angles are chosen near 18.5, 26.6 and 33.7 degrees,
corresponding to 3 1, @2 1, and @3 2, respectively. We explain
this as follows. From (36), it is clear that the error performance
at high SNR is determined by the minimum value of the distance

a2 (p,q,00) = IMx(R(w) = RV (60)
and we obtain d2(p, q,6) as

(p* + %) ()‘?A. cos? (0, — Pp,q) + /\?k sin®(0y — ‘pPaq))

when (p, g) runs over the set Sas. If 0, — ¢, , = 7/2, ie,
0r = tan~'(—p/q) for some (p,q) € S, then the minimum
distance is independent of \;, and depends only upon A, . This
implies a loss of diversity order since the diversity order of the
square fading coefficient )\?k is less than that of )\%k . For the case
of n, = n; = 2, this would mean a reduction of diversity order
from 4 to 1. The set Sy and the critical angles are illustrated in
Fig. 3.

C. Optimal Design of X-Precoder

For X-Precoders, the optimal rotation angle is tedious to com-
pute due to lack of exact expressions for the word error proba-
bility Pr,(H). Just like X-Codes, the union bound to P, (H) is
given by

1

P,(H) < —
k( )_|Sk|

DD

R(up) R(ve)#AR(ur)

0 \/di(%(uk)am(vk)7Ak) 1)

2Ny

However, unlike the analysis for X-Codes, we do not further
upper bound this union bound by using (39), since by doing so
we would have lost information about )\, . Instead, in the pair-
wise sum in (61), we look for the term with the highest contri-
bution to the union bound and try to minimize it. The best angle
for the k-th pair is then given by

6~k()‘ik s Aj,) = arg  max min di(p: q,0k)

(62)
0:€[0,%] (P,9) €S M

where dZ (p, g, 0 ) is given by (60). Just like X-Codes, it can be
shown that for the maximization in (62), it suffices to consider
the range [0, 7| for £}, instead of the entire range [0, 27]. The
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Fig. 5. Sensitivity of word error probability w.r.t 81.n,. = n, = 2 and M = 2,4 (4,16-QAM) modulation.

optimization problem in (62) is analytically tractable only for
small values of M. Also, the minimization over (p,q) € S/
need not be over the full set containing |Sys| = 4M(M — 1)
elements. In fact, it can be shown that the number of elements
to be searched is at most (M? — 3M + 6)/2. For example, for
M = 4 (16-QAM), we need to search only five elements instead
of the full set of 48 elements.

Theorem 3: For M = 2 (4-QAM), the exact (i, , A}, ) is
given by

/4 Br < V3
fan-1 [([3,3 - @ - 5,3} 8o > V3
(63)

A )\q' . .. .
where 3, = 1~ is the condition number for the k-th pair.

Proof: See Appendix C. n

Further let

2 max  min di(P;%gk) (64)

A7 inig s Aj

k,mm( k Jk-) 0,€(0, %] (p.q)ES 1
then using (64) and (61), the truncatedunion bound to P,; is
given by

J%:,min(AiL» s A )

/< 2_
P, < (M?-1E |Q o

(65)

The expectation in (65) is over the joint distribution of (A;, , Aj, )
and is difficult to compute analytically. We therefore use Monte-
Carlo simulations to evaluate the exact error probability P

V. Y-CODES AND Y-PRECODER

A. Motivation

As we will see in Section VI (see Fig. 6), the bit error proba-
bility performance of X-Codes is better than the one of the other
precoders when the condition number for a pair of subchan-
nels is small. However, the bit error probability performance
of X-Codes degrades with increasing condition number. Since,
typical fading channels are ill conditioned” with high proba-
bility, it is necessary to design precoders which are robust to
ill-conditioned channels. Also, ML detection for X-Codes in-
volves a 2-D search, which is slightly more complex than the
linear precoders reported in [7], [8] and [9], for which ML de-
tection involves only a 1-D search.

Therefore, we have two important problems to be solved: i)
improvement in error performance for ill conditioned channels
and i7) reduction in ML detection complexity. We firstly address
the issue of performance improvement in ill conditioned chan-
nels. Towards this end, we ask ourselves the following question:
“For a given transmit power constraint Pr and rate R, what is
the best possible code design in terms of achieving the minimum
average bit/symbol/word error rate?”. It is not easy to find the
best possible code in closed form, but based upon analysis we

TA ny X n, MIMO channel (n, < n,) is said to be ill conditioned if its
condition number is large, i.e., A1/, > 1.
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Fig. 6. Effect of the channel condition number on error performance of various precoders for a 2 X 2 system with target rate R = 8 bpcu.

can definitely gain insight into the properties that a good code
must have.

It is observed that the error performance at high SNR is
dependent on the minimum value of the pairwise distance
dz (R(ug), R(ve), Ax) [see (37)] over all possible information
vectors uy # vi. Using the definition, we have

di(R(ur), R(vi), Ar) = [Mi(R(ur) — R(vi))|I?
= A i1+ A5 ey (66)
where e = Aj(R(uz) — R(vi)).

Let B = A, /A, be the condition number for the k-th pair
as defined in Theorem 3, then we have 3, > 1, since \;, > Aj, .
For the special case of 8, = 1,d (R(ug), R(vk), Ay) is pro-
portional to ||e||?, which is the Euclidean distance between the
code vectors R(uy) and R(vy). Therefore, for 5, = 1, the
design of good codes is independent of the subchannel gains
(Xixs Aj,. ). However, the design of good codes becomes harder
for values of B, > 1. We immediately observe that, since A;, >
Aj, » the effective Euclidean distance in (66) gives more weight
to the term eiyl, which is the squared difference of the vec-
tors along the stronger subchannel component. Since the total
transmit power is constrained, codes should be designed such
that the minimum possible separation between any two code
vectors is larger along the stronger subchannel as compared to
the minimum possible separation along the weaker subchannel.

Hence, it is obvious that X-Codes (based on 2-D rotation ma-
trices) may not be a good code design for ill conditioned sub-
channels, where 3 > 1. This is because, with rotated QAM

constellations, the codewords achieve the same nonzero min-
imum distance along both the stronger as well as the weaker
subchannel. Specially in cases where the condition number is
large, it is intuitive that a code design which achieves maximal
nonzero minimum distance along the stronger subchannel and
zero minimal distance along the weaker subchannel, would per-
form better than the best rotated constellation. This has been
illustrated in Figs. (1) and (2), where it can be seen that, when
compared to X-Codes, Y-Codes achieve a larger minimum dis-
tance between the received codewords.

This insight leads us to design codes, which have a zero
minimum distance along the weaker subchannel so that, under
a fixed transmit power constraint, more separation between the
codewords can be achieved along the stronger subchannel. A
simple design is to have the code vectors belong to a subset
of some skewed 2-D lattice, an example of which is shown
in Fig. 7 (there are totally eight code vectors represented by
small filled circles). Since the code vectors belong to a lattice,
they can be expressed as a linear transformation of a subset of
Z2. The simple structure of the code results in a very simple
ML detector for each subchannel pair, which has a detection
complexity of the same order as that of a 1-dimensional scalar
channel (like the linear precoders in [8] and [9]). It is also noted
that, for a code with M vectors, the transmitted code vector
assumes only two possible amplitude values along the weaker
subchannel component, and M /2 different values along the
stronger subchannel component. This is in fact a simple rate
allocation scheme, where only 1 information bit is transmitted
through the weaker subchannel, and the remaining bits are
transmitted through the stronger subchannel. More complex
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Fig. 7. Received signal space for the real component of the k-th pair. With Y-Codes (M = 8), we have 5 regions separated by vertical dashed lines. The scaled
codebook vectors are represented by small filled circles along with their corresponding codebook index number. Dotted lines demarcate the boundary between the

ML decision regions.

rate allocation schemes are possible, but would result in more
complex ML detectors.

B. Y-Codes and Y-Precoders: Encoding

For Y-Codes and Y-Precoders, the matrices A, have the
structure

(67)

Ak: |:0/k Zak:|

20, O

where ay,, by € RT. For Y-Codes/Precoders, the set Sy, is given
by the Cartesian product

M
Ské{o,l}x{07...77—1}. (68)
For example, with M = 4, the set S, is given by
S = {(070)T7(07 1)T7(170)T7(171)T}' (69)

The real and imaginary components of the displacement
vector for the k-th pair, u} are given by

T

(M — 1)ak 7 —bk

R(ud) = S(uf) = |- =

(70)

We consider the 2-D codebook of cardinality M generated by
applying Ay to the elements of Sy, and adding the displacement
vector. The M code vectors of the 2-D codebook are given by

Vi) = [

wherev = 1,...,

With the codebook notation, v refers to the index of the code
vector Yy (v) in the codebook. Further, let the codebook indices
of the vectors, to be transmitted on the real and imaginary com-
ponents of the k-th pair be v} and v,? respectively. The compo-
nents of the data symbol vector z are then given by

(R(zi,): R (23.))" = Vi (vf)
(3(21), 8 ()" = Vi (o)

where k = 1,2,...,n,/2.

Due to the transmit power constraint in (15), a and by, must
satisfy

M-1

—~

v—1)—

) ,bk<—1>“r an

S

(72)

M2-1 P
b2 + a? ==,
D T

(73)

The only difference between Y-Codes and Y-Precoders is
that, for Y-Codes, the parameters aj and by, are fixed a priori,
whereas, for the Y-Precoders, these are chosen every time the
channel changes.
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C. Y-Codes and Y-Precoders: ML Decoding

Using our codebook notation in (71), the ML decoding rule
in (20) and (21), can be equivalently written as

o = arg omin IRGre) - ATl

o =arg  min [IS(re) — AnYe(@)|F (74)

where 7 and @,? are ML estimates of the codeword indices
transmitted on the real and imaginary components for the k-th
pair.

We next discuss a low complexity solution for the detection
problem in (74). The algorithm is the same for all pairs, and the
same for both the real and imaginary components of each pair.
Therefore, we only discuss the algorithm for the real component
of the k-th pair. We first partition the 2-D received signal space
(R?) into (& + 1) regions as follows:

M -1
Ro: [z 9T € R —oco < 2 <1
0 {[xy] ER?|—00 < <)\ikak + 7 <

Ry s {loal € RIO1 - 1)
(ot ¥ <]
R; : {[x,y]TkE R2|(22i—1)

< (T MY g
- )\ikak 2 =14

where 7 € [1,M/2 — 1].

In Fig. 7, we illustrate the five regions with M = 8 for the
real component of the k-th pair. The first step of the decoding
algorithm is to find the region to which the received vector be-
longs. Let

<

(75)

4= %(’I"Zk) M+1
k= 2/\1';\,041@ 4 ’

The received vector belongs to the region R, , where (j, is ex-

plicitly given by
0
_J) M
o-{
(7

For example, in Fig. 7, the received vectors p1, p2, and p3
belong to Ry, 1, and Rs3, respectively. It can be shown that,
once the received vector is decoded to the region Ry, , the ML
code vector is one among a reduced set of at most 3 code vectors.
Therefore, at most 3 Euclidean distances need to be computed
to solve the ML detection problem in (74), as compared to com-
puting all the M Euclidean distances in case of a brute force
search. For example, in Fig. 7, for the received vector p3 € R3,
the ML code vector is among Yy (6), Yi(7) or Y(8).

However, once we know the region of the received vector,
it is possible to directly find the ML code vector even without
computing the three Euclidean distances. This involves just
checking at most 3 linear relations between the two components
of the received vector. Therefore, the ML decoding complexity

tr <0

M
ty > 7
otherwise.

(76)
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of Y-Codes is the same as that of a scalar channel. For example,
in Fig. 7, the received vector p3 is to the right of the perpendic-
ular bisector between Y} (6) and Yj(8). The vector ps is also
above the perpendicular bisector between Yj(7) and Yi(8).
From these two checks, it can be easily concluded that the ML
code vector is Y%(8). Due to the structure of the codebook,
the ML decision regions can be very easily outlined. In Fig. 7,
the dotted lines demarcate the boundary of the ML decision
regions. The hatched region illustrates the ML decision region

D. Optimal Design of Y-Codes

Given the optimal pairing in (48), the next step towards de-
signing optimal Y-Codes is to find the optimal value of (a, by,
which minimizes the average error probability P,; for the k-th
pair. For Y-Codes, once chosen, (ay,by,) are fixed and do not
change with every channel realization. Since the ML decision
regions are known precisely, it is possible to calculate the exact
error probability P,;. With our codebook notation, we identify
code vectors by their index in the codebook. For the k-th pair,
the average word error probability of the real component can
therefore be expressed in terms of the code vector indices as

, 1 ,
P,=; zvj P, (v) (77)
where P, (v) 2 Exg[Prob(d] # v|Yi(v), H)], Py (v) is the av-
erage probability of error when the code vector Yy (v) is trans-
mitted and it is given by

/ Elg1(ak, bx)] 3<v<(M-2)
Pp(v) = q Elg2(ak, bk)] v=1,M
Elgi(ar,bx) — g3(ag,br)] v =2,(M —1)
(78)

where all the expectations are over the joint distribution of
(/\ik ’ /\jk ) Let

2 \/E(Zak)\ik:v - ai)\izk - 4b%7)\?k)
4bk)\jk Vv No

é _\/5(2ak)\il\'x + a%)\i + 4bi}\§’\>
4bi\j, VNo

The functions g1 (ak, bx), g2(ar, b ) and g3(ax, by ) are given by

V()

<I’k(:17)

Xip ak 2

26%
0 VT No

Xip ak 2

g2(ak, br) 29 —/

e No
=iy, ok 2

\/7FNO
g3(ax,br) é/

e No

AVaS N 0
To compute the optimal (ag, by,), we have to minimize P, w.r.t.
(ak, bx,) subject to the transmit power constraint in (73). How-
ever, it is difficult to get closed form expressions for the op-
timal (ag, br) due to the intractability of the integrals in (79).
This difficulty is further compounded due to the evaluation of

gi(arby) 21— Q(Uy(z))d

Q(Vy(z))dx

Q(®x(z))dz.  (79)
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expectation over the joint distribution of (\;, , A;, ). However,
since (a, by,) are fixed a priori, it is always possible to approx-
imately compute the optimal (ay,by) off-line, using Monte-
Carlo techniques.

E. Optimal Design of Y-Precoder

For the Y-Precoder, finding the optimal (ay, bx) which min-
imizes P, (H) for a given channel realization H is again diffi-
cult due to the intractability of the integrals in (79). In the case
of Y-Codes these could be computed off-line since (ax, by ) are
fixed a priori. However, for Y-Precoders these cannot be com-
puted off-line, since the optimal (ag, by ) have to be computed
every time the channel changes.

To reduce the complexity of computing (ax, by,) adaptively
as the channel changes, we resort to simpler bounds on the
error probability P, (H) for which the optimal (ay, by ) require
minimal computation. One such bound is given by the union
bounding technique, which was also used in the analysis of the
error performance for X-Precoders. For Y-Precoders, the union
bound to P, (H) is given by

: 3 min (@1, D)
PH)< (M -1 —m 80
L(H) < (- 1)Q o 50)
where d} ;. (ax, br) is given by
min (A7, ai(v — w)* + )\i be((-1)" = (=1)")?)  (81)

vFEW

where v and w are distinct indices of the codebook. A good
choice of (ag, by) is obtained by minimizing the union bound
for P,;(H) in (80) w.r.t (ax, bx,), subject to the transmit power
constraints in (73). From (80), this choice of (a, by ), denoted
by (aj,, b}), maximizes dj, ;. (ax, by) for the fixed channel gain
of (Ai,, Aj, ). The next theorem gives the closed form analytical
expression for (aj,b).

Theorem 4: A good choice of (ax, by) defined as

(ak, by)

ES arg diymin(ak, br) (82)

max
P . 12 _
{(ar,br)E(RT)2[b24a2 MI=L_TT )

nop

is given by (83), as shown at the bottom of the page, where
M = M1
5 -

The corresponding optimal value of d?

k,min

(ak,by) is given

by
12Pp A} 9 M2_1
A min @k, 0F) = 16Pr A7, o mro1 (84
nr (3ﬂl\»+T)
Proof: See Appendix D. ]
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If we now look back at the codebook for Y-Precoders, we
notice that there is power allocation on the two subchannels
through the parameters aj and by, which can be chosen opti-
mally based upon the knowledge of channel gains. From (83),
we observe that the Y-Precoders use only the stronger sub-
channel, when channel condition number is high (32 > M*-1 ).

3
For good channel condition (32 < 25=1) power is distributed
between the two channels depending on the channel condi-
tion. This adaptive power allocation between the stronger and
the weaker subchannels, enables Y-Precoders to achieve an
error performance better than X-Precoders in ill conditioned
channels. Y-Codes/Y-Precoders also have a fixed-rate alloca-
tion between the two subchannels of a pair, since out of the
log, (M) bits, one bit can be used to decide whether the vector
in the codebook is at even index (corresponding to the second
component being equal to +by) or at odd index (corresponding
to the second component being equal to —by). The remaining
bits are then used to appropriately choose among the vectors at
even or odd indices. Therefore, in a way, the proposed Y-Codes
always transmits 1 bit of information on the weaker subchannel
and log,(M) — 1 bits on the stronger subchannel. This rate
allocation may not be the best and therefore even better code
books can be constructed, but may result in higher ML detection
complexity. The ML decoding complexity for the proposed
Y-Codes/Y-Precoders is low and is independent of M.

VI. SIMULATION RESULTS

In this section, we compare the error probability performance
of X-, Y-Codes and X-, Y-Precoders with other precoders pro-
posed in literature. For all the simulations, we assume n, =
ng. Throughout this section, the subchannel pairing used for
X-,Y-Codes/Precoders is given by (48).

For X- and Y-Codes, the encoding matrices for each pair,
A,k =1,2,...,n,./2 are fixed a priori. In case of X-Codes,
the fixed rotation angles are given by (57). For Y-Codes, the
value of (ag, by) for the k-th pair of subchannels, is computed,
by minimizing P, in (77) w.r.t. (ag, by). Note that the expec-
tation in (78), is carried out using Monte-Carlo techniques, as-
suming a Rayleigh flat fading MIMO channel.

For X-,Y-Precoders, the encoding matrices for each pair,
Ag,k=1,2,...,n,/2 are not fixed, and are computed every
time the channel changes. For X-Precoders, the rotation angle
for each of the n,./2 subchannel pairs is given by (62). For
Y-Precoders, (ag, by,) for the k-th pair of subchannels is given
by Theorem 4.

Error performance comparison of the proposed X-,Y-Codes/
Precoders is made with 1) the E-dmin (equal dmin precoder
proposed in [12]), 2) the Arithmetic mean BER precoder
(ARITH-MBER) proposed in [8], 3) the Equal Error linear
precoder (EE) (based upon optimizing the minimum eigenvalue

12P
| (JatEE0)
- ( 4P

3n,(BZ+M")’

(ax, b%)

B

2_
Pz 55 83
Pr 2 M?-1 (83)
T ) P <3




3558

for a given transmit power constraint [9]), 4) the TH precoder
(based upon the idea of Tomlinson-Harashima precoding ap-
plied in the MIMO context [7]), and 5) the channel inversion
(CI) precoder, also known as the Zero Forcing precoder [4].

A. Effect of Channel Condition Number on Error Performance

In Fig. 6, we plot the bit error probability/rate (BER) of

all precoding schemes for a 2 x 2 MIMO at v = 26 dB,
as a function of the condition number 8 = A;/\y. We fix
the total channel gain to be 1, i.e., )\12 + )\22 = 1, and

the target rate to be R = 8 bpcu. For a given 3, the BER
of all precoders is evaluated through Monte-Carlo simula-
tions, for a fixed 2 x 2 MIMO channel with channel matrix,
H = diag(3/\/B%+ 1,1//32 + 1).

We briefly discuss the precoding schemes which are com-
pared to the proposed X-,Y-Codes/Precoders. ARITH-MBER
transmits n, < 2 symbols, each from a QAM modulation
alphabet. For the ARITH-MBER precoder, when n, = 1,
every channel use, a 256-QAM modulation symbol (16-PAM
on the real and imaginary component) is transmitted on the
stronger subchannel and the weaker subchannel is not used for
transmission (note that for a 2 X 2 system, there are only two
subchannels, i.e., only 1 pair of subchannels). When ny, = 2,
two 16-QAM modulation symbols are transmitted, one on
each subchannel. E-dmin is a precoding scheme in which the
complex linear precoding matrix is adapted to each channel
realization, but both the subchannels are always used for trans-
mission (i.e., ny; = 2). With E-dmin, the modulation alphabet
used is 16-QAM.

In Fig. 6, we notice that schemes which are fixed and do not
adapt their transmission with the varying channel, have good
BER performance for small values of 5. The BER performance
is, however, poor with increasing 3. BER performance of
X-Codes is also seen to deteriorate with increasing 3. The only
exceptions are Y-Codes and ARITH-MBER (n; = 1). For
ARITH-MBER with ns = 1, only the stronger subchannel
is used for transmission, and therefore its BER improves
with increasing (3, because, with /\12 + )\22 = 1,A; (e,
the stronger subchannel gain) increases with increasing [.
Compared to X-Codes/X-Precoders, the BER performance of
Y-Codes/Y-Precoders is more stable with increasing (3 due to
the fact that the codebook is designed in order to maximize
the minimum codeword distance along the stronger subchannel
component without caring about the separation on the weaker
subchannel component.

It is also observed that, the Y-Precoders/Y-Codes perform
better than X-Precoders/X-Codes for large (3, and hence for
channels which are ill conditioned, Y-Precoders/Y-Codes have
a better error performance compared to X-Precoders/X-Codes.
We shall see later that, indeed for the Rayleigh fading
channel, Y-Precoders/Y-Codes perform better than X-Pre-
coders/X-Codes. This justifies the fact that precoders for ill
conditioned channels should be designed to achieve more sep-
aration in the minimum Euclidean distance (between received
codewords) along the component corresponding to the stronger
subchannel. It can also be seen that, despite the suboptimal
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choice of encoding matrices Ay, (based upon the union bound
to the error probability of uy), X-Precoders perform better than
X-Codes, and Y-Precoders perform better than Y-Codes.

B. Diversity Order Comparison

We next discuss the overall diversity order achieved by the
various precoding schemes with a Rayleigh flat fading MIMO
channel. Let the number of subchannels used for transmission
be ns (ns < n,). The diversity order achieved by the linear
precoders (EE and ARITH-MBER) and THP is (n, — ns +
1)(ny — ns + 1) and (ns — ns + 1) respectively, whereas the
diversity order achieved by E-dmin and X-, Y-Codes/Precoders
is (n, — % +1)(ns — % +1). The CI scheme achieves infinite
diversity, but it suffers from power enhancement at the trans-
mitter. Among all the other schemes (except CI), we observe
that E-dmin and X-, Y-Codes/Precoders have the best overall
diversity order.

The subsequent simulation results assume a MIMO channel
with Rayleigh flat fading statistics. All BER performance re-
ported are averaged over the channel fading statistics through
Monte-Carlo simulations.

C. Comparison of BER Performance ng = min(n,., n;)

In Fig. 8, we plot the BER performance of all precoders for
n,. = ny = ng = 2,4 and a target rate of R = 2n, bpcu. The
proposed X, Y-Precoders and E-dmin have the best error per-
formance. The increased diversity order achieved by the pairing
scheme is obvious from the higher diversity slope of the error
probability for the X, Y-Precoders compared to a diversity slope
of order 1 for the linear precoder ARITH-MBER and THP. This
observation supports the analytical result on the improvement
of diversity order of the error performance by pairing of MIMO
subchannels (see Sections III-B, III-C). The performance of CI
is inferior due to enhanced transmit power requirement arising
from the bad conditioning of the channel. It is observed that
the proposed Y-Precoders perform the best for n, = n, = 2,
with E-dmin only 0.5 dB away at a BER of 102, For n, =
ny = 4, E-dmin performs better than Y-Precoders by 0.4 dB
at a BER of 10~3. However, E-dmin has this performance gain
at a higher encoding and decoding complexity compared to the
Y-Precoder.

D. Comparison of BER Performance for n, = ny = 2,4,ns <
min(n,, n)

In this section, we report the observations made on the sim-
ulated BER performance of various precoding schemes for a
given target rate of R bpcu and achievable overall diversity gain
Sora = (n,./2+1)2. This diversity gain is achieved by X-,Y-Pre-
coder and E-dmin with ny; = n, information symbols trans-
mitted every channel use, and by the linear precoders (EE and
ARITH-MBER) with ns = n,./2 information symbols trans-
mitted every channel use. Therefore, for the same target rate
R, the information symbols transmitted by the linear precoders
must belong to a modulation alphabet with 22"~/ elements (we
select n,. and R such that n,./ R is an integer), as compared to a
27~/ element modulation alphabet set required for X-,Y-Pre-
coder and E-dmin.
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Fig. 8. BER comparison between various precoders for n, = ny = n, = 2,4 and M = 2 (4-QAM) modulation. Target rate is & = 2n, bpcu.
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Fig. 9. BER comparison between various precoders for n,, = n; = 2 and target rate R = 4, 8 bpcu.

In Fig. 9, we plot the BER for n,, = n; = 2, and a target
rate of R = 4,8 bpcu. It is observed that the best perfor-
mance is achieved by the proposed Y-Precoder. For a target
rate of R = 4 bpcu, ARITH-MBER (16-QAM) also has a
similar performance. However, for a rate of R = 8 bpcu,
the performance of ARITH-MBER (256-QAM) is worse than
that of Y-Precoders by about 2.8 dB at a BER of 1073,
This is because, to achieve a diversity order same as that

achieved by X-,Y-Precoder and E-dmin, linear precoders use
only half of the available subchannels for transmission (i.e.,
ns = min(n.,n:)/2 = n,./2). Hence, to achieve the same
target rate R, they have to use higher order QAM, which re-
sults in loss of power efficiency. Based along the lines of the
discussion in Section II and observations made in Fig. 9, it
can be said that for a 2 x 2 Rayleigh faded MIMO channel,
with a target rate of R = 8 bpcu and an overall diversity
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Fig. 10. BER comparison between various precoders for n,. = n, = 4 and target rate R = 8, 16 bpcu.

order of 0,.q = 4, Y-Precoders are better compared to the
other considered precoders.

In Fig. 10, we plot the BER for n,, = n; = 4, and a target
rate of R = 8,16 bpcu. For a rate of R = 8 bpcu, E-dmin
and ARITH-MBER (16-QAM) have the best error performance.
Y-Precoders perform only about 0.5 dB away at a BER of 1073,
However, for a target rate of R = 16 bpcu, Y-Precoders perform
the best. ARITH-MBER (ns = 2) with 256-QAM modulation
on both subchannels performs 2.6 dB worse than Y-Precoders
at a BER of 102, E-dmin performs the worst and is about 3.5
dB away from Y-Precoders at a BER of 10~3. E-dmin has poor
performance since the precoder proposed in [12] has been opti-
mized for 4-QAM, and therefore it does not perform that well
when the target rate is higher than 2n, bpcu.

E. X-Codes Versus Y-Codes

In Fig. 11, we compare the BER performance of the pro-
posed X and Y-Codes for a n,, = n; = 2 system with a target
rate of R = 4, 8 bpcu. It is observed that Y-Codes have a sig-
nificant performance gain over X-Codes. For a target rate of
both R = 4 and R = 8 bpcu, Y-Codes perform better than
X-Codes by about 1.5 dB at a BER of 10~3. This is primarily
due to the novel skewed lattice constellation structure of the pro-
posed Y-Codes (as compared to the simple rotation encoder for
X-Codes), which ensures that the minimal distance between re-
ceived codewords does not become too small when channel is
ill conditioned. In Fig. 12, we compare the BER performance
of the proposed X and Y-Codes for a n, = n; = 4 system
with a rate of R = 8,16 bpcu. Y-Codes again perform better
than X-Codes by about 0.7 dB for a rate of R = 8 bpcu, and by
about 1.5 dB for a rate of R = 16 bpcu.

FE X-, Y-Codes vs. X-, Y-Precoders

In this section, we discuss the performance gain achieved by
adaptively choosing the encoder matrices A, for each channel
realization, as compared to having them fixed a priori.

In Fig. 11, we compare the performance of the X-, Y-Pre-
coders with that of X-, Y-Codes for n,, = n; = 2 with R = 4,8
bpcu. For R = 4 bpcu, X-, Y-Precoders perform marginally
better than X-, Y-Codes (by only about 0.2 dB at BER of 10~3).
However, for R = 8 bpcu, the X-Precoder performs better than
X-Codes by about 1.0 dB, whereas Y-Precoders perform better
than Y-Codes by about 0.2 dB at a BER of 103, Therefore,
adapting the encoder matrices with channel realization is bene-
ficial for X-Codes. However, compared to the performance gain
of X-Precoders over X-Codes, it is observed that Y-Precoders
do not have as much gain in performance over Y-Codes.

For n, = ny = 4, it is observed from Fig. 12 that for R = 8
bpcu, X-, Y-Precoders have almost similar performance as X-,
Y-Codes. However, for R = 16 bpcu, X-Precoders perform
better than X-Codes by about 0.7 dB, whereas Y-Precoders per-
form better than Y-Codes by about 0.3 dB at a BER of 1073,

The performance gain of X-Precoders over X-Codes is much
more significant as compared to the performance gain of Y-Pre-
coders over Y-Codes. Also, for X-Precoders, this performance
gain is significant only with higher order QAM. This is due to
the fact that the error performance is much more sensitive to the
rotation angle for higher order QAM (see Fig. 5), and therefore
adjusting the rotation angle with respect to the varying channel
is expected to result in performance improvement.

On the other hand Y-Precoders are only marginally better
than Y-Codes irrespective of the transmission rate K. This is
attributed to the fact that for the Y-Precoders we optimize an
upper bound to the probability of error P,; (H), rather than the



MOHAMMED et al.: MIMO PRECODING WITH X- AND Y-CODES

3561

Bit Error Rate

— © — X-Codes (4 bpcu)
— % — Y—-Codes (4 bpcu)
— © — X-Precoder (4 bpcu)
— 8 — Y-Precoder (4 bpcu)
—6&— X—-Codes (8 bpcu)
—*— Y—-Codes (8 bpcu)
—&— X-Precoder (8 bpcu)

—+8— Y-Precoder (8 bpcu)

v (dB)

Fig. 11. BER comparison between the proposed X-Codes and Y-Codes for n,. = n, = 2 with rate R = 4, 8 bpcu.
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10
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Fig. 12. BER comparison between the proposed X-Codes and Y-Codes for n,. = n; = 4 withrate R = 8, 16 bpcu.

exact error probability. We do this, because of the high encoding
complexity which in turn is due to the analytical intractability
of optimizing the exact error probability expressions. This leads
to a suboptimal choice of the encoder matrices, and therefore a
suboptimal error performance.

This fact is also obvious from Fig. 13, where we plot the exact
optimal average word error probability for Y-Precoders in com-
parison with the average word error probability of the proposed

suboptimal Y-Precoder. The exact optimal word error proba-
bility (i.e., error probability with the optimal choice of encoder
matrices as given by (34)) is computed through Monte Carlo
techniques. The exact optimal average word error probability is
better than the average word error probability of the proposed
suboptimal Y-Precoder by about 1.8 dB foran, = n; = ns =2
system, and is better by about 1.0 dB foran,, = n; = ns =4
system at a word error probability of 10~! and a target rate of
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Fig. 13. Word error probability comparison between the proposed suboptimal Y-Precoders and exact optimal Y-Precoders for n,. = n, = 2,4 withrate R = 4n,

bpcu.

R = 4n, bpcu. This therefore suggests the existence of better
Y-Precoders compared to what has been proposed in this paper.

VII. COMPLEXITY

In this section, we discuss the computational complexity of
X-, Y-Codes and compare it with other precoding schemes. In
terms of the encoding complexity, all the schemes have a sim-
ilar order of complexity, O(n,n;), which is due to the transmit
preprocessing filter. In terms of detection complexity, Y-Codes,
CI, THP and ARITH-MBER/EE have a similar detection com-
plexity, which is equivalent to symbol by symbol ML detection.
ML detection for X-Codes employs search over a finite subset
of some 2-D real search space. E-dmin has the worst ML detec-
tion complexity, due to a 4-D real search space. Y-Codes have a
detection complexity even lower than X-Codes, since the search
is essentially one dimensional (just checking at most three linear
relations between the two components of the received signal
vector, see Section V-C).

VIII. CONCLUSION

We proposed X-, Y-Codes/Precoders which can achieve high
rate and high diversity at low complexity by pairing the MIMO
subchannels prior to SVD precoding. It is observed that in-
deed pairing of channels can significantly improve the overall
diversity. Among all possible pairings, pairing the k-th sub-
channel with the (n, — k + 1)-th subchannel was found to be
optimal in terms of achieving the best overall diversity order.
One way of pairing the subchannels is by using rotation based
encoding, as was proposed for X-Codes/Precoders. The pro-
posed X-Codes/Precoders have good performance for well con-
ditioned channels. For ill-conditioned channels, we then pro-

posed Y-Codes/Precoders. It is shown by simulation and anal-
ysis that Y-Codes/Precoders achieve better error performance
at very low complexity, when compared to other precoders in
the literature. In practice, in order to improve the overall error
performance, it is possible to adaptively switch between X- and
Y-Codes/Precoders depending on the channel condition.

APPENDIX A
PROOF OF THEOREM 1

Towards proving Theorem 1, we shall find the following
Lemma useful (see [15, Prop. 1] for the proof).

Lemma 1: Consider a real scalar channel modeled by y =
Vaz + n, where z = £VE,, n ~ N(0,0?). Let F(a) =
Ka* +o(a*), for « — 0% be the cdf (cumulative density func-
tion) of o, where K is a constant and k is a positive integer. Let
v = E,/o? be the SNR. Then the probability of error is given
by P(v) = E4[Q(,/a7)], and the asymptotic error probability
for v — oo is given by

P= g((%— 1)-(2k—3)...5-3- 1)y F 4 o(y7").

|

The proof of Theorem 1 is as follows. Since Q( - ) is a mono-

tonically decreasing function with increasing argument, we can
further upper bound (36) using (39) and (42) as follows:

P, < (ISk| - DE |Q oV,

(85)
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For a Rayleigh faded channel, the marginal pdf of the s-th eigen-
value A2 (for A2 — 0) is given by [14]

o ((/\z)N,,(s)Nr(s)—l)

(86)

JO2) = O(s) (A NN

where Ny(s) 2 (ny — s + 1),N.(s) 2 (n, — s + 1) and
C(s) is a constant given in [14]. Using the pdf in (86), the cdf

Fy(u) = P(A\2 < ) (for u — 0%) is given by
_ 0O Ni(s)No(s) Ni(s)N,(s)
Fy(u) = ABTAD) +o (u ) @87

Using Lemma 1 and (87), the bound in (85) can be further
written as

2Pr
grx(Ar)

&
Pks<|sk|—1>ck( )7‘5"+0(7‘5") (38)

where 6, 2 (ni —ix +1)(n, —ix+1)and ¢ = C(”)((Qé -
1)-...5-3-1). n

APPENDIX B
PROOF OF THEOREM 2

The following lemma is useful towards proving Theorem 2.

Lemma 2: Givenasetofn > 2 probabilities {p1, pa, ..., pn}
(0 <p; <1,i=1,2,...n),itis true that
<1 -TJa- m)) <22y py. (89)
k=1 k=1

Proof: Expanding the product in (1 — [],_; (1 — pr)), we
have

n n n

;o3 Pn)

(90)

,Prn) 1S a symmetric multinomial in the
,Pn), and is defined as

where ST (p1, pa, .. .
variables (p1, p2, - . .

i
[Tri-

S (p1sp2, . ipn) = > 91)
1<j1<j2<-<ji<n l=1
In (91), the number of summands in the expansion of

SM(p1,p2,s -3 Pn) 18

product of probabilities, and therefore the value of each such
summand is bounded from above by 1. Therefore, an upper
bound to S*(p1,p2, ..., Pn) is given by

Sin(p17p27"'7pn) S <7Z> .

(Z’) Also, each such summand is a

92)
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Taking only the positive terms in

n

S (=12 (p, s

=2

-3 Pn)

into consideration, we have

1—H 1—pk <Zpk+ Z S P17P27 P n)
k=1

i=3,i0dd
(93)

Further, using the definition of S in (91), each symmetric
multinomial can be upper bounded as

+Pn)

n 7
t=1j1=t<j><--<ji<n =2

n—i+1

Si(p1,p2;. -

Z PSP (Pegas - pn)- (94)
. . n—t n—1
Applying (92), since, for ¢ > 1,( 1 ) < ( i1 ), we have
< n—t
Si(plap27"'7 tz < 1)
X n—1
(D) e
Since s > 1 and (n — i + 1) < n, we obtain
-1
Si(p17p27"'7pn <n >Zpt (96)
Using (96) in (93), we have
-1
Tlo-m<Xn (e 3 (42))
k=1 1=3,7 odd
o7)
Further
- n—1 = n—1
v ()= 2 ()
1=3,7 odd 1=0,7 even
=22 (98)
Using this equality in (97) we have
1= =p) <272 pie (99)
k=1 k=1
This proves the lemma. [ |

The proof of Theorem 2 now follows. For n,, = 2, there is
only one pair, and therefore the overall diversity order is the
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same as the diversity order of this pair. For n, > 2, since
PH)=1-][= /2( — P,(H)), applying Lemma 2, we have

P(H) <2772 Py(H). (100)
k=1
Averaging over the channel fading statistics, we have
B =
P<2572 ZPk. (101)

Based on (43), it can be argued that, for each k there exists some
v; > 0, such that for v > «;, it is true that P, < fk'y_é",
where fj is some positive constant independent of . Further,

let ~* 2 maxy, ;. Let dmin and kp,in be defined as

PR—— min 8, Kuin 2 arg min 8. (102)
Note that ki, is the index of the pair which has the lowest
achievable diversity order among all the n,/2 pairs. Since
there are finitely many pairs, there does exist a critical

1
SNR value, 7. =2 Sy Tt

kmin = argmaxy fry~ o Usmg th1s fact, and (101) it there-
fore follows that for v > max(v.,v*)

maxy, ( beyond which

72T —2 6.,

P < —fk vy (103)

From (103), it is clear that

601‘(1 Z mkin 6k~

APPENDIX C
PROOF OF THEOREM 3
Let d(fx, iy, Nj,) = ming,ges, 42(p,q,60,), where

d2(p,q,0) is defined in (60). The objective is to find the
optimal f; which maximizes d(f, \;,,A;, ). The set Sy for
4-QAM contains exactly 8 elements. Also due to sign symmetry
of this set (i.e., if (p,q) € S2 then so do (p, —q), (—p, q) and
(—p, —q)), there are actually only 4 distances to be computed.
For a given angle 6}, these distances are enumerated as follows:

dy = X}, cos®(0k) + A3 sin® ()
dy = A}, sin 2(6;) + )\2 cos?(6y,)
ds = )\2 (cos(br) + 51n(9k))2

+ )\?k (cos(fr) — sin(fr))?
dy = A} (cos(6y) — sin(y))”

+ A% (cos(Bk) + sin(6y))>.

Therefore, d(0, \i
distances as

(elm Zk? )

s Aj,) can be expressed in terms of these

= min(dl, dg, d3, d4)
= min(min(dy, d2), min(ds, dy)).
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It can be shown that for the maximization in (62), it suffices
to only consider the range of 6 to be (0,7 /4]. Due to the or-
dering of singular values in the SVD decomposition, A;, > Aj, .
Hence, it can be concluded that

d2 = min(dl, dg)
d4 = min(d3, d4)

and therefore

(0k7 u? ) = Hlin(d27 d4)
Let
A A
O = —=.
Aji

Then, d4 is the minimum if the following condition is satisfied.

1

— < h(6%) (104)

By
where

1

A
hbr) = sin(26y) + sin?(6;)
It can be seen that over the interval (0,7 /4], h(6y) is a con-
tinuous and monotonically increasing function. The maximum
value of /(6 ) over this interval is £. Therefore, we now con-
sider two situations depending upon whether (3, is greater than
or less than \/3

If B < V3, then# > 1

é, we can conclude that the condltlon in (104) is never satisfied
and therefore ds is the minimum. Further, since A;, > A;, , d
is a monotonically increasing function of 6, and therefore the
solution to (62) is 7 /4.

If B, > /3, then ﬂ% < 1. Since h(f},) is a monotoni-
cally increasing function we observe that dy is the minimum
when 0, > 6 or else d is the minimum. Here §; is such that
05 € (0,7/4] and h(6}) = 32 Further, it is observed that ds is
a monotonically increasing function of 0 whereas dy is mono-
tonically decreasing. Also, da = d4 when 6, = 6. Therefore, it
can be concluded that min(ds, d4) is maximized when 6, = 0.
Hence for 8, > /3 the solution to (62) is 6;. We now solve for
65 from h(6;) = 1/32, which yields a quadratic equation in
tan(6}), with one solution in (0, w/4] given by

o7 = o [0 - 1) - - 17— 7).

. Since h(fy) is always less than

Combining, the optimal angles obtained for g < V3 and
Br > V/3, we get the solution to the maximization problem in
Theorem 3. [ |

APPENDIX D
PROOF OF THEOREM 4

We first get an expression for df ;. (a,bx) as defined in
(81). For any code vector at index v which is even, the nearest
distance to any other code vector with even index is 4/\142)c az.
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The nearest distance to any code vector at odd index is A?, aj +
4)% by. The same holds true if v is odd. Hence dj ;. (ax, bx)
is glven by

i min(k, be) = min (4X7 a7, A7 af + 407 b7) . (105)

Therefore, our objective is to solve the following constrained
min-max optimization problem:

max
2_
{(an,br)ER2H[b2 4a2 M1 - PTy

oy

(a27 bZ) = arg dz,min(akv bk)

(106)

In (106), we let T; 2 4X7 aj, which is geometrically a straight
line w.r.t. @ passing through the origin and attaining a max-
imum value of
A48Pr A,
n.(M? —1)

at
W2 12Pp
P (M2 - 1)
This is because, the transmit power constraint bounds the value
of a2 as
12Prp

< —————.
= 0 (MZ—1)

?r‘l\i

In (106), we let Ty = (A2 a} + 4A2, 7). Since
5 (M?—1) pr

bic + w1 T,
we can CXpI'CSS T2 as
P M? -1
Ty = A2, <4n—T +d} <ﬁ,§ - T)) . (107)

From (107), we observe that, if 37 (M? —1)/3, then Ty
represents a straight line with positive slope, having a value of
4)\]2»1c Pr/n, at a, = 0 and attaining a maximum value of

12Pp )7
n, (M2 — 1)
at

o 12Pp
k n.(M? —1)

This maximum value is less than the maximum attained by 77 .
Since both 77 and 7% have posrtlve slope the minimum among
Ty and T5 is maximized at a} = 12Pr/(n,.(M? — 1)), which
implies that b; = 0. The value of d , ;. (ax,bx) at ar, = aj is
the maximum value attained by 75. Therefore, when the channel
condition exceeds a certain threshold, it is optimal to allocate all
power to the stronger subchannel only

On the other hand, if /5’,3 M _1 , then 75 represents a
straight line with negative slope, whereas T has positive slope,
and therefore the minimum between them is maximized when
they are both equal. Therefore, the optimal (a}, b} ) must satisfy

AN} ay =N ap + 4N br (108)

3565

Using the fact that bzg + azg Mf;1 = D= the optimal (aj, b})
is given by

4PT

3nr PT
//Bk JLI2 V /ﬂk MZ
M*—1

Using (109), the optimal value of dj, ;.. (ax, by.) for 3 < 25
is given by

(ak, b%) =

(109)

16PpA?,
ne (367 + O570)

dk mm(a’27 b:') =
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