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Abstract—We study a class of random matrices that appear in
several communication and signal processing applications, and
whose asymptotic eigenvalue distribution is closely related to
the reconstruction error of an irregularly sampled bandlimited
signal. We focus on the case where the random variables charac-
terizing these matrices are d-dimensional vectors, independent,
and quasi-equally spaced, i.e., they have an arbitrary distribution
and their averages are vertices of a d-dimensional grid. Although
a closed form expression of the eigenvalue distribution is still
unknown, under these conditions we are able i) to derive the
distribution moments as the matrix size grows to infinity, while its
aspect ratio is kept constant, and ii) to show that the eigenvalue
distribution tends to the Marcenko-Pastur law as d — co. These
results can find application in several fields, as an example we
show how they can be used for the estimation of the mean square
error provided by linear reconstruction techniques.

Index Terms—Error analysis, signal reconstruction, signal
sampling.

1. INTRODUCTION

ONSIDER the class of random matrices! of size (2M +
1) x r, with entries given by

exp(—j2mlzy)

G —
(Geg M + 1

6]

for{ = -M,...,M,q=0,...,r — 1. The scalars z, are in-
dependent random variables characterized by a probability den-
sity function (pdf) fz,(z), with 0 < z < 1. These matrices are
of Vandermonde type with complex exponential entries; they
appear in many signal/image processing applications and have
been studied in a number of recent works (see, e.g., [1]-[6]).
More specifically, in the field of signal processing for sensor
networks, [1] studied the performance of linear reconstruction
techniques for physical fields irregularly sampled by sensors. In
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IColumn vectors and matrices are denoted by bold lowercase and bold upper
case letters, respectively. (X)), is the (k. g) entry of the matrix X. The conju-
gate transpose operator is denoted by ().

such scenario, the random variables x, in (1) represent the coor-
dinates of the sensor nodes. The work in [2] addressed the case
where these coordinates are uniformly distributed and subject to
an unknown jitter. In the field of communications, the study in
[6] presented a number of applications where these matrices ap-
pear, which range from multiuser MIMO systems to multifold
scattering.

In spite of their numerous applications, few results are known
for the Vandermonde matrices in (1). In particular, a closed
form expression for the eigenvalue distribution of the Hermi-
tian Toeplitz matrix GG, as well as its asymptotic behavior,
would be of great interest. As an example, in [1] and [4], it has
been observed that the performance of linear techniques for re-
constructing a signal from a set of irregularly spaced samples
with known coordinates is a function of the asymptotic eigen-
value distribution of GG".

In general, given an N x N Hermitian matrix X, the
empirical cumulative distribution function (or empirical
spectral distribution) of its eigenvalues is defined as[13]
FN(2) = 1/N Y 1{A(X) < 2z} where A (X), ..., An(X)
are the eigenvalues of X and 1{-} is the indicator function.
Since X is Hermitian, the function FY (2) has support in z > 0.
If FY(2) converges as N — oo, the corresponding limit is
denoted by Fy(z). The asymptotic pdf (i.e., the asymptotic
eigenvalue distribution of X) is denoted by f»(z). In particular,
for the class of (2M + 1) x r matrices G defined in (1), the
asymptotic eigenvalue distribution of the Hermitian matrix
GG is defined in the limit of M and 7 growing to infinity
while the matrix aspect ratio? (2M + 1)/r is kept constant.

In this paper, we consider a general formulation which ex-
tends the random variables in (1) to a d-dimensional domain:
we study the properties of random matrices G4 of size (2M +
1)¢ x r and entries given by

exp (—j 27rlqu)

G, = 2)
(Ga),@),q 2M + 1)
where the vectors X, = [741,...,744]" have independent en-
tries, characterized by the pdf f.  (2).¢=0,...,r —1,m =
1,...,d, and d is the vector size. The invertible function
d
v(l) =Y M +1)"" Y, 3)
m=1
maps the vector of integers £ = [l1,...,44]", by =
—M, ..., M onto a scalar index, i.e., the row index of the

2The aspect ratio of G is the ratio between the number of rows and the number
of columns of the matrix.
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matrix Gg. Notice that, when d = 1, G4 reduces to (1). By
defining

(2M + 1)4
r

ﬁ:

as the aspect ratio of G4, we consider the properties of the Her-
mitian random matrix Ty = Gy GZ‘ where the coefficient
is used for normalization purposes. In general, the asymptotic
eigenvalue distribution of T, denoted by f(d, 3, z), depends
on the parameters d and 3: how to derive an analytic expression
of such distribution is still an open problem.

A. Novel Contributions

For the matrix model in (2), we study the interesting case
where x,, are independent, quasi-equally spaced random vari-
ables in the d-dimensional hypercube [0, 1)%. In other words,
we assume that the averages of x, are the vertices of a d-dimen-
sional grid in [0, 1)?. Note that the distribution of the random
variables x, can be of any kind, the only assumption we make
is on their averages being equally spaced. Such kind of matrices
appear in many practical applications. For example when ana-
lyzing measurement systems affected by jitter, or when consid-
ering a sensor network sampling a physical field, where sensors’
coordinates are quasi-equally spaced, due to terrain conditions
and deployment practicality [7].

Under these conditions on the matrix G, the main contribu-
tions of this work can be summarized as follows:

* in Section III we derive a closed form expression for the

moments of fx(d, 3, 2);

* this enables us to show in Section IV that, as d — oo,
the asymptotic eigenvalue distribution of T; tends to the
Marcenko-Pastur law [10];

* moreover in Section V we show some numerical results
and present some applications where the moments derived
in Section III and the asymptotic approximation found in
Section IV can be of great use.

II. PREVIOUS RESULTS

Before presenting the details of our novel contributions, we

briefly review previous results on the G4 matrices.

For the case d = 1

i) the work in [1] considered an irregularly sampled ban-
dlimited signal, which is reconstructed using linear tech-
niques. The samples coordinates, =, were assumed to be
known. The performance of the reconstruction system
was shown to be a function of the eigenvalue distribution
fr(1, 8, 2) of the matrix T; = fG1G!;

ii) an explicit expression of the moments E[A] ;] =
fooo 2P fa(1, 8, z)dz was attained in [3], for the specific
case where x, are ii.d. and uniformly distributed in
[07 1);

iii) in the case where x, are independent, quasi-equally
spaced random variables, the analytic expression of
[E[)\i@], was obtained in [2];

iv) in [5] the moments fy(1,3,z) were derived for i.i.d.
random variables z, with arbitrary distribution f,_(z).
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For the multidimensional case (d > 1),

i) the work in [3] considered the case where the entries of
the vectors X; = [2q1,...,%qa]  are ii.d, uniformly dis-
tributed in the hypercube [0, 1)¢ and under such assump-
tion derived an analytic expression of the moments of
r(d, B, z), for any given d and 3;

i) in [3] it was also shown that, when the vectors x, are i.i.d
and uniformly distributed in [0, 1)¢, fx(d, 3, z) tends to
the Marcenko-Pastur law [10] as d — oc.

III. CLOSED FORM EXPRESSION OF THE MOMENTS OF THE
ASYMPTOTIC EIGENVALUE PDF

Here we first introduce the problem under study and our
system assumptions, then we derive an analytic expression of
the moments of f(d, (3, z). In Appendix A we report a list of
the main symbols used in the derivation of our results.

A. Problem Formulation

‘We consider the matrix class in (2) and assume that the r vec-
tors x4, ¢ = 0,...,7 — 1 are independent, quasi-equally spaced
random variables in the d-dimensional hypercube [0,1)%, i.e.,
the averages of x are the vertices of a d-dimensional grid in
[0,1)7.

We define p as the number of vertices per dimension, thus, the
total number of vertices is = p?. We denote the coordinate of
a generic vertex of the grid by the vector q/p € [0, 1)¢, where
q=[q,...,qa]", is an integer vector and ¢, = 0,...,p — 1.
For simplicity and in analogy with (3), we identify the vertex
with coordinate q/p by the scalar index

d
wa) = " g “

m=1

Note that 0 < u(q) < 7 — 1 is an invertible function that
uniquely maps the vector q to the integer 1(q), which represents
the column index of G4. Then, we have X,,(q) = q/p+X,(q)/P
where we assume that the entries of the vectors x,,(q) are zero
mean i.i.d. with pdf fz(z), which does not depend on r, M, or
q. The average E[x,,(q)] = q/p is the coordinate of the vertex
identified by the scalar label p(q).
By using this notation, the entries of G are then given by

exp (—j 27rlTxH(q))

(Ga), @) ua) =

(2M 4+ 1)4
while its aspect ratio is
2M + )4 (2M +1)¢
PCIES CIIES )

It follows that the entries of the Hermitian Toeplitz matrix Ty =
BG G are given by

1 _
(Ta), s,y = 1 > exp (—i2nxf (€~ £))  ©
q

where ) q represents a d-dimensional sum over all vectors q
suchthat ¢,, = 0,...,.p—1,m=1,...,d.
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Following the approach adopted in [11], [12], in the limit for
M and r growing to infinity with constant aspect ratio § and
dimension d, we compute the closed form expression of E [/\5 3] s
which can be obtained from the powers of T4 as [13] i

[E[)\S’ﬂ] '/0' 2P fad, B, z)d=

THE [T}

- ]\f[,Tlgl-i-oo (2M—|— 1)d ' (7)
8

In (7) the symbol Tr{} identifies the matrix trace operator, and
the average E[-] is computed over the set of random variables

’

to the matrix T;. As an intuitive explanation consider that the
eigenvalues of T? are those of T, but raised to the pth power.
The trace operator performs the summation of these powers
which, in the limit for the matrix size growing to infinity, is
equivalent to an integration.

Using (6), the term Tr{l];) [T%]} in (7) can be written as

X = {xq,. L x,-—1 }. Notice that (7) links the moment analysis

THE [T}

_ P
_E, Z(Td):/(l1),u(l1)
=E| X (Tt (Taduty it
1£,...0,
P
_ L Z E |exp —jZﬂ'ZXT & —Lriy1))
P T . p(ai)\ ™ [i+1]
L., i=1
q1,---,dp
P
:i Z E |exp —j27rZXT N —Lny) ) ()
rP X - : p(ai)\7t [i+1]
Lely =1
QEQq

where Qg and L, are sets of integer matrices such that

"7qi,d]T
qi,m:07-"7p_1

6=1q,... lia)"
lim=—M,...M [

Qd:{Q|Q:[(3117...,(:11)]7 ai = [gi1,-

L= {L|L:[£1,...,lp],

[i+1 =i+ 1,forl <i < p,and i+ 1] =fori = p. In
(8), the power T? is the product of p copies of Ty. By substi-
tuting (6) to each of these copies, we obtain exponential terms,
whose exponents are given by a sum of p terms of the form
xl(qi)(&; — £[i11]). The average of this sum depends on the
number of distinct vectors q;, and all possible cases can be de-
scribed as partitions of the set P = {1, ..., p}. In particular, the
case where in the set {q1,...,qp} there are 1 < k < p distinct
vectors, corresponds to a partition of P in k subsets. It follows
that a fundamental step to calculate (7) is the computation of all
possible partitions of set P, by using a set partitioning strategy.
Before proceeding further in our analysis, we therefore intro-
duce some useful definitions related to set partitioning.
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Definitions
Let the integer p denote the moment order and let the vector

specific case, each entry of the vector y is given by the expres-
sion in (4), i.e., u; = p(q;) and, thus, can range between 0 and
r — 1. We define:

¢ the scalar integer 1 < k(p) < p as the number of distinct
entries of the vector u;

* () as the vector of integers, of length k(pu), whose en-
tries v;(p), 7 = 1,..., k(p), are the entries of p without
repetitions, in order of appearance within p;

* P;(p) as the set of indices of the entries of g with value
Vi) =1, k(w);

* the vector w(p) = [wi(p),...,wy,(w)] such that, for any
given j = 1,...,k(p), we have w;(p) = j if ¢ € Pj(p),
1 =1,...,p.

Furthermore, we define

. €1, as the set of partitions of P;

. €2, as the set of partitions of P in k subsets, 1 < k < p,
with kQIQI,,k =Q,

Example 1: Letp = [1, 5, 2, 8, 5, 3, 2], then k(p) = 5
since the entries of p take 5 distinct values (i.e., {1, 5, 2, 8, 3}).
Such values, taken in order of appearance in p form the vector
y(p) = [1, 5, 2, 8, 3]. The value y; = 1 appears at position
1 in p, therefore P1(p) = {1}. The value v, = 5 appears at
positions 2 and 5 in p, therefore Po(p) = {2, 5}. Similarly
Ps(n) = {3, 7}, Pa(w) = {4}, and P5(p) = {6}. By using
the sets P; we build the vector, w(p). Foreach j = 1,..., k we
assign the value j to every w; such that s € P;. For example,
wy = ws = 2 since the integers 2 and 5 are in Ps. In conclusion
ww) = [1, 2, 3, 4, 2, 5, 3]

Note that: (i) the cardinality of €2,,, denoted by B(p) = |€2,,],
is the pth Bell number [14] and (ii) the cardinality of €, ., de-
noted by S(p, k) = |, x|, is a Stirling number of the second
kind [15]. From the above definitions, it follows that:

1) the vector g induces a partition of the set P which is iden-
tified by the subsets P; (). These subsets have the proper-
ties éf_ﬂ‘ij(u) =P, Pj(p)NPj () =0 forj # 5. Even
thou]gh the partition identified by p is often represented as
{P1,..., Pru)}, by its definition, an equivalent represen-
tation of such partition is given by the vector w(u). There-
fore, from now on we will refer to w(p) as a partition of
the p element set P induced by u (for simplicity, however,
often we will not explicit the dependency of w on p);

2) k(w) = k(p), since the entries of w take all possible values
in the set {1,...,k(pn)};

3) Pij(w) = Pj(m), forj =1,... . k(u).

At last, we define M(w) as the set of u inducing the same

partition w of P.

Example 2: Let r = 3 and p = 3. Since pp = [p1, ..., ftp)
and yu; =0,...,7—1,2=1,...,p, we have r? = 27 possible
vectors g, namely, {[0, 0, 0], [0, O, 1],...,[2, 2, 1], [2, 2, 2]}.
Each p identifies a partition w € Q3 , with k = 1,...,3, as
described in Example 1. The sets of partitions (23 ;, are given
by Q3,1 = {[17 L, 1]}793, 2= {[17 L 2]7 [17 2, 1]7 [17 2, 2]}7
and Q33 = {[1, 2, 3]}, and have cardinality S(3, 1) = 1,
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S(3, 2) = 3,and S(3, 3) = 1, respectively. The set of vectors
4 identifying the partition w = [1, 1, 1], i.e., M([1, 1, 1]),
is given by: M([1, 1, 1)) = {[0, 0, 0], [L, 1, 1], [2, 2, 2]}.
Similarly

mina = {1 8 )
mit 2= {0 2 0 0 0
w2z = {200 B o)
= LR L)

B. Closed Form Expression of [E[)‘Z, /3]

By using the definitions in Section III-B and by applying set
partitioning strategy to (8), we can state our first main result.

Theorem 3.1: Let Ty bea (2M +1)? x (2M +1)? Hermitian
random matrix as defined in (6), where the properties of the
random vectors Xp(q) are described in Section III-A. Then, for
any given (3 and d, the pth moment of the asymptotic eigenvalue
distribution of T is given by

ENI=SS " Y Y wwwe)! ©)

k=1 h=1 WEN k W EQ h

where u(w') = (=1)*=" TT" _, (|P;(w')| — 1)! and where

" ko
S, Hl i(w)dy h=1
=
ko hoo
v@) =3 i, 11 Ci@) T1 Do)y 2,
j= i'=
k
Jr, 11 60 (;(w)) dy h=k
"~ (10)
In (10) we defined
Ci(w) =C (—j27rﬂ1/dw]-(w)) (11)
Djl(w,w') :61) Z wyr (w) (12)

iEP, (')

the set H, as the p-dimensional hypercube [—1/2, 1/2)?,
C(s) = Ez[e®?] as the characteristic function of Z, and 6p(-)
as the Dirac’s delta. Moreover w;(w) = }Z:cp. () ¥i — Yli+1»
yi €ER,i=1,...,p,and j = 1,...,k(w). In particular, for
k =1, we have v(w,w’) = 1.
Proof: The proof can be found in Appendix A. ]
With the aim to give an intuitive explanation of the above
expressions, note that the right-hand side (RHS) of (9) counts
all possible partitions of the set P = {1,...,p}, C(s) in (10)
accounts for the generic distribution of the variables X, and the
quantity w; (w) represents the indices pairing that appears in the
exponent of the generic entry of the power T%.
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TABLE 1
PARTITION SETS €2,, ., FOR2 =1, 2, 3, AND 1 < m < n. EACH PARTITION
IS REPRESENTED THROUGH ITS ASSOCIATED VECTOR w
AND THE VALUE OF u(w)

w, u(w) m=1 m =2 m=3
n=1 [1], 1
n=2 | [L1],-1 2L 1
L1z}, -1
n=3 | [LLIL,2 | [1L21], -1 | [123]1
[1,2,2], -1

To further clarify the moments computation, Table I reports
an example of partition sets Q, ,, forn = 1,...,3 and 1 <
m < n, while Example 3 shows the computation of the second
moment of the eigenvalue distribution.

1) Example 3: We compute the analytic expression of
E[\2 gl- Using (9), we get

i 2—h Z Z /)d.

weN ), WEQL, K
By expanding this expression and using Table I, we ob-
win EX2,0 = Bu((l, 1], ()7 — Bo(ll, 2, [1, 1))
+uo([1, 2],[1, 2])?. By using (10) we have v([1, 1], [1]) = 1
o([1, 2),[1, 2)) = 1, and

2

2

o([1, 2], [1, 1]) :/ dy.

C (—j27f51/d(y1 - y2))

IV. CONVERGENCE TO THE MARCENKO-PASTUR DISTRIBUTION

Here we show that the asymptotic eigenvalue distribu-
tion of the matrix Ty tends to the Marcenko-Pastur law
[10], as d — o0, ie., 1in1d—>oof>\(d7/87z) = fMP(/sz)

(1 — 2)(z — c2)/(2728) where c1,co = (1 + /B)?,
0 < B8 <1,c <z < . This is equivalent to prove that, as
d — oo, the pth moment of A4 3 tends to the pth moment of
the Marcenko-Pastur distribution with parameter 3, for every
p > L

Theorem4.1: Let Tybea (2M +1)% x (2M +1)? Hermitian
random matrix as defined in (6), where the properties of the
random vectors X, (q) are described in Section I-A. Let E[A}, ;]
be the pth moment of the asymptotic eigenvalue distribution of
T, given by Theorem 3.1. Then, for any given /3

p

E\2, 1= B *N(p,k)

k=1

: P —
d h_{ﬂoo E[Ag sl =

where N(p,k) are the Narayana numbers [16], [17] and
E[AL, 5] are the Narayana polynomials, i.e., the moments of
the Marcenko-Pastur distribution [10].
Proof: We first look at the expression of the pth asymptotic
moment and observe that, for h = k, the contribution of the term
in the RHS of (9) reduces to

Zﬂ”’“ >, D

weN,  WEQL

W' (13)
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The cardinality of Q. is S(k,k) =
{[1,...,k]}. Thus, we only consider w' = [1,... k]
Moreover, using the definition of w(w’) after (10) we have
u([L,. k]) = 1 since each subset P;/([1,...,k]) has cardi-
nahty 1 j' = 1,..., k. Therefore, the term in (13) becomes
1Zw€Q LB & ( .1 k]) Using (10) for h = k
wehave.v(w,[l,.... fH im b 6p (wi(w)) dy £ v(w).
Hence, the contribution to the pth moment reduces to
4

ST ST ww)t

k=1 we,

(14)

In [3] it is shown that, as d — oo, (14) tends to the Narayana
polynomial of order p. Thus, to prove the theorem, it is enough
to show that, for h < k, the contribution of the term in the
RHS of (9), to the expression of the pth asymptotic moment,
vanishes as d — oco. For example, we have to show that, for each
weQ,pandw € Qpp, withh < k

lim v(w, w)?=0
d — oo

(15)

or, equivalently, that |v(w,w’)| < 1.
By using (10), we first notice that for 1 < h < k

[v(w,w')] =

IA
T

since by (12)Dj:(w, w') > 0. Moreover, from (11) and the
definition of the characteristic function of z, we have

G| = [ (om0
+oo
B ‘/_oo exp (<§2m"/ 1w ()z) fr(2)dz

(%) /+<>O ‘exp (—jZWﬂl/dwj(w)z) f;(z)‘ dz

J —oo

/_:O Fa(2)dz = 1

Next, we make the following observations:
i) the equality (a) in (17) arises when w;(w) = 0, else if
wj(w) # 0, the strict inequality |, (w)| < 1 holds;
ii) since we consider partitions w’ of the set {1,...,k} inh
subsets P/ (w'), 5/ = 1,..., h, with b < k, then at least
one of the sets P/ (w’) has cardinality | P, (w')| > 1;
iii) from the definition in (12) the term Dj/(w, w') in (16)
gives a nonzero contribution to the integral in (16) only
when Zwep].,(w/)wi’ (w) = 0, forevery j' = 1,...,h.
The number of terms in the argument of the 6 (-) func-
tion equals | P, (w')|, for every j'.
Thus, if for some j', |P;(w’)] > 1, the corresponding
arguments of the 6p(-) function will contain two or more

a7)

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 58, NO. 1, JANUARY 2010

i [a=1M=52
Cle=2M=nn —e
1.2 R Tlamam=a e
] X i [Marcenko-Pastur —_
1 , }
/ \ i
i / N i
/ . i
N 0.8 (\ SO A VRSN W S
o [ P )
PN N
o 06 » , h TN
, . \
0.4
0.2
0

Fig. 1. Comparison between the Marc¢enko-Pastur distribution and the empir-
ical distribution for 3 = 0.55 and d = 1, 2, 3 in the quasi equally space case,
and uniform fz(z).

terms, whose sum need to be zero in order to provide a nonzero
contribution to (16). By consequence, there always exist some
wy(w') # 0 providing a nonzero contribution to the integral
in (16). Therefore, by using observation i) the strict inequality
|C;(w)] < 1 always holds for at least an integerj e{1,...,h}.
We can then write |v(w,w’)| < fH = 1 Dji(w,w)dy < 1
which proves the claim (15).

When h = 1, again, there is a measurable subset of H,, for
which w;(w) # 0, hence, [v(w,w)| < [, TIj_; |C;()ldy <
1 i.e., the strict inequality holds and (15) is proved. ]

In Fig. 1, we show the empirical eigenvalue distribution of
the matrix Ty for § = 0.55, d = 1,2,3, and Z uniformly
distributed in [0, 1]. The empirical distribution is compared to
the Marcenko-Pastur distribution (solid line). We observe that
as, d increases, the Mar¢enko-Pastur distribution law becomes a
good approximation of fy(d, 3, z). In particular, the two curves
are relatively close for small z, already for d = 3. Curves for
d > 3 are not shown since for large d numerically deriving the
eigenvalue distribution leads to cumbersome computations.

V. APPLICATIONS

Here we present some applications where the results derived
in this work can be used.

The closed form expression of the moments of fy(d, S, z),
given by (9), can be a useful basis for performing deconvolu-
tion operations, as proposed in [6]. As for the asymptotic ap-
proximation, we show below how to exploit our results for the
estimation of the mean square error (MSE) provided by linear
reconstruction techniques of irregularly sampled signals.

Let us assume a general linear system model affected by ad-
ditive noise. For simplicity, consider a one-dimensional signal,
s(z). When observed over a finite interval, it admits an infinite
Fourier series expansion [1]. We can think of the largest index
M of the nonnegligible Fourier coefficients of the expansion as
the approximate one-sided bandwidth of the signal. We there-
fore represent s(z) by using 2M + 1 complex harmonics as

1

Z agexp (j2mlz) .
—M
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7
/

MSE

d=1 (M=52, =144,8=0.729) —>—
d=2 (M=11, =729, p=0.726) —8— N

10™ [ 4=3 (M=4, r=1000, $=0.729) —— X
MP, $=0.729 N
Equally spaced, f=0.729 ~ ------ | AN
-10 0 10 20 30 40 50

SNR,, [dB]

Fig. 2. MSE as a function of the signal-to-noise ratio for d = 1, 2, 3. The
curves are compared with the results obtained through our asymptotic analysis
(MP) and with the equally spaced case.

Now, consider that the signal is observed within one period in-
terval [0,1) and sampled in r points placed at positions x =
[z0,.- s 2r—1]T, 2, € [0, 1), ¢ = 0,...,7 — 1. The com-
plex numbers a, represent amplitudes and phases of the har-
monics in s(z). The signal samples s = [s(xq), ..., s(z,_1)]"
can be written as s = G'fa, where the matrix G is given
in (2). The signal discrete spectrum is given by the 2M + 1
complex vector a = [a_as,-..,a0,...,anr]". We can now
write the linear model for a measurement sample vector p =

p:s—i—n:G'{'a—i—n

where n is a random vector representing measurement noise.
The general problem is to reconstruct s or a given the noisy mea-
surements p[3]. A commonly used parameter to measure the
quality of the estimate of the reconstructed signal is the MSE.
In [1] and [2], it has been shown that, when linear reconstruc-
tion techniques are used and the sample coordinates are known,
the asymptotic MSE (i.e., as the number of harmonics and the
number of samples tend to infinity while their ratio is kept con-
stant) is a function of the asymptotic eigenvalue distribution of
the matrix T; = BGlG'f, ie.,

MSE =E [[—3}

X |[ASNR,, + (1%)

where the random variable A has distribution f)(1,0,2) and
SNR,, is the signal-to-noise ratio on the measure. Expression
(18) also hold for the d-dimensional case, with the pdf of A given
by fa(d, B, z). We therefore exploit our asymptotic approxima-
tion to fx(d, 3, z) to compute (18).

Fig. 2 shows the MSE obtained as a function of the signal-to-
noise ratio SNR,,,. The curves with markers labeled by “d =
1, 2, 3” refer to the cases where the signal has dimension d and
the sampling points are quasi-equally spaced with jitter &, uni-
formly distributed over [0, 1),and 8 = 0.729. The curve labeled
by “MP” (thick line) reports the results derived through our
asymptotic (d — oo) approximation to the eigenvalue distribu-
tion. The curve labeled by “Equally spaced” (dashed line) repre-
sents the MSE achieved under a perfect equally spaced sample
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MSE
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Fig. 3. MSE as a function of the signal-to-noise ratio for 3 = 0.2, 0.6. The
curves are obtained for d = 2 and compared against both the equally spaced
case and the results derived through our asymptotic analysis (MP).

placement, i.e., when the jitters x, described in Section III-A
are given by X, = 0, for ¢ = 0,...,r — 1. In such case it is
straightforward to show that T is the identity matrix and that
its eigenvalue distribution is given by fx(d, 3,2) = 6p(z — 1).
Notice that in Fig. 2 the MSE grows as d increases and tends
to the MSE obtained by a Marcenko-Pastur eigenvalue distribu-
tion. Instead, as expected, the “Equally spaced” curve represents
a lower bound to the system performance.

Fig. 3 presents similar results but obtained for d = 2 and
different values of 3. We observe that the MSE obtained
through our asymptotic approximation (the curve labeled by
“MP”) gives excellent results for values of  as small as 0.2,
even when compared against the numerical results derived by
fixing d = 2. For # = 0.6 (i.e., when the ratio of the number
of signal harmonics to the number of samples increases), the
approximation becomes slightly looser, and the MSE computed
by using the Marc¢enko-Pastur distribution gives an upper limit
to the quality of the reconstructed signal. Note that the smaller
the (3, the higher the oversampling rate relative to the equally
spaced minimal sampling rate § = 1. We thus observe how our
bound becomes tighter as the oversampling rate increases.

To conclude, we describe some areas in signal processing
where the above system model and results find application.

1) Spectral estimation with noise. Spectral estimation from
high precision sampling and quantization of bandlimited
signals uses measurement systems which are usually af-
fected by jitter [18]. In such applications the quantization
noise corresponds to the measurement noise and the jitter
is caused by the limited accuracy of the timing circuits.
In this case the sampling points are mismatched with re-
spect to the nominal values, thus for d = 1 we have:
xq = q/7+ &4 /r with some sampling rate 1/r. Note that
the exact positions of the samples are not known and the
case studied in this paper (i.e., MSE with exact positions)
gives a lower bound to the reconstruction error.

ii) Signal reconstruction in sensor networks. Sensor net-
works, whose nodes sample a physical field, like air
temperature, light intensity, pollution levels or rain falls,
typically represent an example of quasi-equally spaced
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sampling [2], [7], [19], [20]. Indeed, often sensors are
not regularly deployed in the area of interest due to
terrain conditions and deployment practicality and, thus,
the physical field is not regularly sampled in the space
domain. Sensors report the data to a common processing
unit (or sink node), which is in charge of reconstructing
the sensed field, based on the received samples and on
the knowledge of their coordinates. If the field can be
approximated as bandlimited in the space domain, then
an estimate of the discrete spectrum can be obtained by
using linear reconstruction techniques [2], [21], even in
presence of additive noise. In this case, our approxima-
tion allows to compute the MSE on the reconstructed
field.

iii) Stochastic sampling in computer graphics and image pro-
cessing. Jittered sampling was first examined by Balakr-
ishnan in [22], who analyzed it as an undesirable effect
in sampling continuous time functions. More than twenty
years later, Cook [23] realized that the effect of stochastic
sampling can be advantageous in computer graphics to re-
duce aliasing artifacts, and considered jittering a regular
grid as an effective sampling technique. Another example
of sampling with jitter was recently proposed in [24], for
robust authentication of images.

VI. CONCLUSIONS

We studied the behavior of the eigenvalue distribution of a
class of random matrices, which find large application in signal
and image processing. In particular, by using asymptotic anal-
ysis, we derived a closed-form expression for the moments of
the eigenvalue distribution. Using these moments, we showed
that, as the signal dimension goes to infinity, the asymptotic
eigenvalue distribution tends to the Marcenko-Pastur law. This
result allowed us to obtain a simple and accurate bound to the
signal reconstruction error, which can find application in sev-
eral fields, such as jittered sampling, sensor networks, computer
graphics and image processing.

APPENDIX A
TABLE OF SYMBOLS

Random variables and distributions

fo(2) pdf of the random variable v
Fu(2) cdf of the random variable v
C(s) characteristic function of the random variable &

Random matrices

Gy random matrix of size (2M + 1)? x r

B aspect ratio of matrix G4, equal to (2M +1)%/r
T, Hermitian Toeplitz matrix given by 3 GdG;'
fald, B,z) asymptotic eigenvalue distribution of T4

E[A,, 5] pth moment of f\(d, 3, z)

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 58, NO. 1, JANUARY 2010

w(q) function mapping the vertex coordinate q to
the column index of Gy
v(€) function mapping the vector of integers £ to the

row index of Gy

Set partitioning

P set of integers {1,...,p}

Q, set of partitions of P

Qp k set of partitions of P in & subsets

Q set of partitions of {1,...,k}

Qi set of partitions of {1, ..., &} in h subsets
w partition, w € 2,

w’ partition, w’ € Qy,

P (w') set of indices ¢ such that w} = j

M(w) set of vectors p inducing the partition w

APPENDIX B
SET PARTITIONING

To prove Theorem 3.1, first we apply the definitions in
Section III-B to rewrite (8) using set partitioning. In particular,
by considering the vector g = p(Q) 2 [u1,... , 1ip] T where
w; = p(q;) and q; is the ith column of Q, we observe the
following:

e the vector u is uniquely defined by Q, and a given p
uniquely defines a matrix Q € Qg since p(-) is an invert-
ible function;

* agiven g induces a partition w(p);

* since r is the number of values that the entries j; can take,
there exist r!/(r — k(p))! matrices Q € Q4 generating a
given partition of P made of k(p) subsets. In other words
r!/(r — k(p))! distinct p’s yield the same partition w ().

Since the random vectors x,,(q/) and X,,(q7) are independent
for q' # q”, for any given Q the average operator in (8) factor-
izes into k(p) terms, i.e.,

p
E lexp (—J‘%;X;(q,)(li - f[i+1]))]
P

k(p)

_ H x[E [Cr)x:j‘fv;‘(ﬂ)]

j=1""

(19)

indeed, for every i € P;(p), we have p1; = ;. In the last line
of (19), we defined ¢ = exp(—j27/p) and

W) = Y =L
i€P; ()

(20)

Also, note that, in the product in (19), each factor depends on
a single random vector, x,,. Since X,(q) = q/p + X,(q)/P
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and p(+) is invertible then, by defining X, = 1~(v;) we have

Xy, = Ry;/p + Xy, /p and
E [Cﬂx:j W (I"):I — C*Ij w; (1) ~|E

Yj 5

[ ]

= Ci:j Wi (")[E [CiTWj (I‘)} ) Q1)

In the last term of (21) we removed the subscript y; from the
argument of the average operator, since the distribution of X,
does not depend on ;. Summarizing, the term Tr{ E [Th]} in (7)

can be written as

k()
THEIT = o > [] ¢ W [omw].
QeQq j=1
Lely

Since each Q is uniquely identified by a vector u, we can ob-

serve that
Sofmw=> Y fw

Qe wer HEM(w)

=S Y Y w

k=1weQy, 1 pe M(w)

for every function f(u). M(w) represents the set of p inducing
a given partition w.

From the definitions in Section III-B, it follows that, if g in-
duces w, then k(p) = k(w), Pj(p) = P;j(w), and w;(p) =
w;(w), j = 1,..., k(w). Therefore,

p IJRS - %] W; %W
TET == > >[I WE [¢™w)]

k=1 weQ,, j=1
pEM(w)
LeLl,

p koo T
D GGy
k=1 weN, . j=1

BEM(w)
Lely

P
DY
k=1 weQ, 1

Lely
HEM(w)

DL S e

k=1 we&y
Lel,

k
T

=1

A
%W (w)
IT¢ ]

k T
B ¥ I

pEM(w) j=1
(22)

In (22) we defined

(23)

where Z,, and w;,, are the mth entries of X and W, respec-

tively. In the equality “(a)” we exploited the fact that the term
~Toa

¢(* Wi does not depend on g and can be factored from the
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sum over . As for the term 3, ¢ () H] 1 ¢* oW , we have
the following lemma.

Lemma B.1: Letw € Q, 1, let Wy, ..., W}, be vectors of
size d with integer entries, defined as in (20). Let M (w) be the

set of vectors g inducing w. Then

k T w
O | GRS 8

pEM(w) j=1 h=1

Y uw)K(w.w)

wEQL n

[ h ~
where K@) = Iy 6x(Siep, @) Wi @)
and Ox(-) is the Kronecker’s delta function. Moreover

—h TR
u@) = (D" (Pr @)l = DL v = (),
and Q5 is the set of vectors w’ of size k, representing the
partitions of the set P’ = {1,...,k} in h subsets, namely,
Plw),. .., Py(w).
Proof: The proof can be found in Appendix C. [ |
By applying the result of Lemma B.1 to (22), we get

> > n(w LK (w,w).

h=1,....k Lel,

u(w")
Tpfh

TH{E [T)]} = 4)

weQ, &
W EQy

Since K (w,w') = H;-L,:l anzl 0K
using (23) we have

Z n(w, LK (w,w")

LeLl,

:[ D ﬁ E: [mew)}

e€£1 g=1

(Zirep, () Wirm(w)) by

d
7/ G/Pj/ (w’)

h
Tl o
=1

=Yu(w, w')d

where the subscript M of the function 1) highlights the de-
pendency of £ on M. From (25) we note that E;[¢*%i(@)] =
C(—j2mbj(w)/p) where C(s) = IE[ %] is the characteristic

function of . Moreover, by using (5), we observe that 1 /7P~ % =
Pt /(2M 4 1)*®=")_In conclusion, we compute E[\] 5l by
evaluating the limit in (7). To this end, we use (25), and (24) in

(7), and we obtain
> X

k=1,....p wGka
h=1,.,k w€Q

AP u(w ) par (w, w')?
X (2M + l)d(p—h-l—l)

= > Y W)

k= 1,...,p wGQP;\
h=1,....k w EQ;\ h

. Yu(ww) 1
% |:Jh[1£>noo (2M+1)P—h+1}
= > YT uw)w,w)? (26)

(25)

lim
J\[r—>+oo

[E[)‘Z,,@] =
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The second equality in (26) holds since, for any given p, the
sums » €Q, . and ), cq, , areovera finite number of terms,
and the coefficients u(w’) are finite and do not depend on M.
Therefore, the limit operator can be swapped with the summa-
tions. In (26) the term v(w,w’) is defined as

/
lim Y (w, ')

N\ —
U(UJ,U))—M_)OO(2M+1)p h+1°

27)

We now consider three possible cases:
o if h =1, then Q41 = {[1,...,1]}, thus we only consider

1]. Then, P;(w )— {1,.

H,_/

., k} and the argu-

k
ment of the  (-) function in (25) is given by

Z w):/;uﬁ

ire{1,....k}

k
YooY ti—tuy

/=14i€P,;s (w)

p
= j{:gi

Z ’lf}i/ (w) =

i €Py (w')

— g =0
and by consequence i (Zi'ep () Wir (w)) = 1. Hence
by passing to the limit in (27) we obtain

v(w,w) / H C (28)
P 7j=1
where C;(w) = C (—j2r Y 9w;(w)), and in analogy with

(20), we defined w; = ZzG'P (w) Yi — Yli+1]s Yi € R, i =
1,...,pand we denoted by y the vectory = [y1, ..., ¥,]";

 if 1 < h < k, the argument of the 6x(-) function in
(25) is always a function of the indices ;. Thus v(w,w’)
is given by pr H;‘f:l Cj(w)) H;-L,:l Dji(w,w)dy where
Dj(w,w') = 6p (Zi,epj,(w,) Wy (w)) and 6p(+) denotes
the Dirac’s delta;

» if h = k, the cardinality of Q. = Qi is S(k, k) = 1
and Q. = {[1,...,k]}. Thus, we only consider w’ =
[1,...,k]. It follows that:

v(w,[1,...,k])
k k
:/H H 2 (w) H Dj(w,[1,..., k)dy
k
= [ TGl Ky
Since P;j([1,...,k]) = {j} then D;(w,[1,...,k]) =

0p (wj(w)). Moreover C(0) = 1, then we have

v(w, [1

/Hc w)op (w;(w)) dy

p]1
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/HC )8p (w;(w))dy

le

[, oo

P]l

As alast remark, if k = 1, wehave h = land Qp, ;, = 2,1 =

{[1,...,1]}. Then wj(w) = ¥, w; = 0. Using (28), we
——

P
obtain v(w,w")

= J, I C(0)dy

APPENDIX C
PROOF OF LEMMA B.1

Recall that M (w) denotes the set of vectors p = [p1, . . . , f1p)
inducing a given partition w. As defined in Section III-B, if w €
, &, then each p € M(w) contains k distinct values, namely,

¥=n,-- 'yk]whereO<%<rJ_1 ..... .k and v; # ;0
foreach 5,7/ = 1,...,k and j # j'. Therefore, from (B.1) we
can write
k ST
DRI ol | (o
Tk j=1

pPEM(w) j=1 Yiseees
#

where the symbol > v1,...,y: indicates a sum over the variables

Y1, - ., with the constraint that y; # ;s for every j,j' =
1,..., k and j # j'. Notice that the valuesv; (j = 1,..., k) are

the scalar counterparts of the integer vectors vy,..., Vg, Vj =
[Vj1y 5, 054)T, 0 < Wi < p,m = 1 .,d, through the
invertible function u(-), i.e., v; = u(v;), 7 = 1,..., k. Hence,

by definition of X, we have X, = X,,(v;) = v; and

SN | D b |

pEM(w) j=1 Vi, ,VL j=1

Z Cv T+ +VLWL

(29)

We now compute the last term of (29) by summing over one
variable at a time. We first notice that, for every set vi,...,v,
of distinct vectors

r—n =0
n .
2. V= -y vvaéo
VEVL,...,Vn j=1

In particular when w # 0, Y V' =,
Let us arbitrarily choose the variable vy. If by hypothesis
wi, # 0, then by summing (29) over v;, we get

T~ T N T~
_ VIWit Vv W1 SV W
J .

(30)
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We compute separately each of the £ — 1 contributions in (30).
In particular, the generic j'th term (j = j’) is given by

-

Vi,V —1

T T N T &
VIiWit vV Wi AV W
J

<:vle.|....-|-VJT., (W Wi )+vi_ Wi

We now proceed by summing over the variable v;.. If by hy-
pothesis W; + Wy, # 0, this summation produces k — 2 terms.
Again, we consider each term separately. This procedure re-
peats until a subset S of {1,...,k} is found, such that s =
Lies Wi = 0.

In this case, the contribution of the nth sum is given by r» —
(k — n) where n = |S] is the cardinality of S. Overall, after n
sums the total contribution is

(=" (n = )M = (k= n))
<D 11

v i€{l,..k} -8 je{l,...k}-S
£

T..
Cijj-

The factor (n — 1)! accounts for the number of permutations of
the elements in S, once the first element is fixed (remember that
we arbitrarily chose the first variable of the summation). The
factor (—1)"~! takes into account that we summed n — 1 times
with the condition w # 0, which implies n — 1 sign changes.

T2
Eventually, the term 3- v jeq1, #3-5 [Ljeqr, ks C¥7"7 i

similar to the last term in (29) where only k — n variables v are
involved.

This procedure repeats until we sum over all variables v. This
is equivalent to check if for all possible partitions of {1, ..., k}
in h subsets Py,..., P, h = 1,... k the condition s; =
s, = 0 holds, with S; = Zier w;, n;g =
|Pjl, and 3 n; = k. In this case, the contribution is given by

[T (1)~ (= 1)tpy(na, ...

Sy = -+ =

,mp) and it is O otherwise.

Here py(na, .. mn) = (1 — (k — n1))(r — (k — ny — n2))
-+«(r—(k—=mn1 —mng —---—np_1)). In conclusion, we can
write

S0 vt 5N (W )p (W) K (w, o)

Vi,..., Vg h=1w’€Qk~_h
#
~ h ~
where K (w,w’) = [T - 6K(Ei’€73j/(w’)wi’<w))
and ég(-) is the Kronecker’s delta  function,
u@) = (=D)L (1P @)] = 1)) and p, (o) is

a polynomial in r of degree h. For large 7, p,.(w’) ~ ", thus,
proving the lemma.
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