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Abstract—We consider millimeter wave multiuser uplink system
with low resolution phase shifters, where users transmit simultane-
ously to base station. Transmit and receive beamforming through
large antenna arrays is used to compensate severe path loss of
millimeter waves. We first propose a joint precoder and detector
design based on the low-complexity local search algorithm that
iteratively finds the preferred transmit and receive beamforming
vectors, which maximizes the sum-rate of the multiuser uplink
system. Although the joint design achieves similar sum-rate to a
fully digital system, the computation complexity to determine good
beamforming vectors is high. To reduce complexity, we then pro-
pose nonjoint designs of precoder and detector. For the precoder
design, the transmit beamforming vectors are chosen to maximize
either the signal to noise ratio or the signal to interference plus noise
ratio of each user. For the detector design, the receiver beamform-
ing vectors are selected using either an approximate ML detector
or a successive cancellation detector. Through simulations, we show
that our designs with low resolution phase shifters outperform the
traditional methods using steering vectors as beamforming vectors
with high resolution phase shifters.

Index Terms—Analog beamforming, detector, hybrid beam-
forming, millimeter waves, phase shifters, precoder.

I. INTRODUCTION

TO MEET high data rate demand of future communica-
tions, large chunks of bandwidth must become available.

Millimeter wave (mm-Wave) communications offer a promising
solution, yet the main challenge is the much higher propagation
path loss in the frequency range of 10–100 GHz, relative
to microwave range of 2–6 GHz. Such severe path loss can
be compensated by using transmit and receive beamforming
through a large number of antennas. However, the complexity
of digital beamforming with a large number of antennas, each
with an RF chain, can be high. To reduce it, transmit and receive
beamforming can be obtained by using analog domain phase
shifters at each antenna with a single RF chain [1]−[4]. Analog
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beamforming relies on RF circuits that can be controlled to
modify the phase of an incoming signal by a limited number of
distinct phases [5], [6].

Selecting the best transmit and receive beamforming vectors,
which align the beams along the strongest path of the channel, is
a key problem in beamforming design for mm-Wave communi-
cations (see references in [7]−[9]). In [10], [30], a hierarchical
search protocol for finding the strongest path of the channel
was proposed. This protocol divides the search into different
levels, starting from a wide beam at first level and narrowing
it at each successive level. The challenge lies in the design
of beamforming vectors for different beam-widths. In [10], the
codebooks were designed for a phased antenna array implement-
ing only specific four phase shifts per element and the designs
in [30] considered high resolution phase shifters only. In [13],
we have considered the hierarchical search for low resolution
phase shifters, and proposed a general codebook design to find
the beamforming vectors of different width at all levels of the
hierarchical search.

Analog beamforming in its basic form supports only one
stream in a point-to-point communication system and uses only
one RF chain for transmitter and receiver. To support multiple
streams in downlink and multiuser communication, a hybrid
beamforming structure was proposed [4], [16], [30]. In this ar-
chitecture, multiple RF chains at both transmitter and receiver
are connected to all antennas, through different phase shifters
each controlled by a separate beamforming vector.

For hybrid beamforming, designing multiple beamforming
vectors requires the knowledge of multiple propagation paths
in the RF channel, in contrast to analog beamforming which
requires only the knowledge of the strongest path. Typically,
at mm-Wave frequencies, a few dominant paths are sufficient
to construct an accurate channel matrix model due to sparsity
of propagation paths. The channel estimation and the design of
transmit and receive beamforming vectors for point-to-point hy-
brid beamforming systems based on compressive sensing meth-
ods and orthogonal matching pursuit algorithm were discussed
in [16], [30]. An efficient hierarchical codebook design for chan-
nel estimation in analog beamforming system by jointly exploit-
ing sub-array and deactivation techniques was proposed in [17].
This method was extended to hybrid beamforming system us-
ing generalized detection probability (GDP) in [18]. In [19], the
transmit and receive beamforming vectors were designed by de-
composing the non-convex matrix decomposition problem into
a series of convex sub-problems. The authors in [20] proposed a
design of transmit and receive beamforming vectors for a finite
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alphabet rather than Gaussian input alphabet using an iterative
gradient ascent algorithm.

Several works have focused on the mm-Wave multiuser down-
link system. For example, in [23], the authors proposed a beam
selection method using compressed sensing with low-cost ana-
log beamformers. Other works for multiuser downlink were
summarized in [25]–[27].

In contrast, much less work has focused on the design of
beamforming vectors, in particular, transmit beamforming vec-
tors, for mm-Wave multiuser uplink systems, where multiple
users transmit simultaneously to the base station (BS). In [28],
receive beamforming vectors were designed based on succes-
sive cancellation for low complexity detection at the BS. In [29],
a detector that designs receive beamforming vectors at the BS
using a low complexity Gram-Schmidt method was proposed.
Note that, in [28], [29], only receive beamforming vectors were
designed, and high resolution phase shifters were required to
guarantee good performance. Recently, the authors of [32] have
proposed an iterative algorithm for the design of transmit and
receive beamforming vectors, assuming high resolution phase
shifters and only the structure of a(θ,N) (defined in (2)) for
transmit and receive beamforming vectors.

In this paper, we design transmit and receive beamforming
vectors for multiuser uplink system using low resolution phase
shifters only, each with q - level phase shifts (q = 4, 8, 16). We
assume channel state information (CSI) is available at BS. First
BS computes the transmit and receive beamforming vectors
and then the BS feeds back the transmit beamforming vector
information to the users. The contributions of our paper are
summarized below.

1) We propose a joint precoder and detector design based on
the low-complexity local search algorithm for the system
using low resolution phase shifters (q = 4, 8, 16), where
both transmit and receive beamforming vectors are iter-
atively determined to maximize the sum-rate of the up-
link system. We show by simulations that the joint design
achieves similar sum-rate to the fully digital system, and
better error performance than the existing scheme with
high resolution phase shifters (q = 128) [32].

2) Although the joint design achieves excellent performance,
the computation complexity of searching good beamform-
ing vectors is high. We then propose separate designs
of precoder and detector that provide good complexity-
and-performance tradeoffs. In precoder designs, the trans-
mit beamforming vectors are selected to maximize either
the signal to noise ratio (SNR) or the signal to interfer-
ence plus noise ratio (SINR) of each user. In detector
designs, the receive beamforming vectors are chosen by
using either an approximate maximum likelihood detector
(AMLD) or a successive cancellation detector (SCD).

3) Through simulations, we show that our designs with low
resolution phase shifters outperform the traditional meth-
ods which uses the steering vectors as beamforming vec-
tors with high resolution phase shifters [28], [29].

The rest of the paper is organized as follows. We introduce
system model in Section II, and then present the joint precoding
and detector design in Section III. We present multiple

independent precoding and detector designs in Section IV. The
simulation results of both joint and independent designs are pre-
sented in Section V. Finally, we draw conclusions in Section VI.

We use the following notation throughout this paper: a is
a scalar, a is a vector, and A is a matrix. A−1, AT and AH

represents the inverse, transpose, and Hermitian transpose of
A respectively. IN is the N -dimensional identity matrix. The
determinant of square matrix is denoted by using det [A].
The set of M ×N dimensional matrices with each entry from
the complex plane is represented by CM×N . CN (0, σ2) repre-
sents the circularly symmetric Gaussian random variable with 0
mean and σ2 variance. ‖x− y‖0 is used to denote the number
of non-zero elements in the complex vector (x− y).

II. SYSTEM MODEL

Consider a multiuser uplink mm-Wave system with K users
and a BS, as shown in Fig. 1. We assume that each user is
equipped with Nt transmit antennas over one RF chain, i.e., each
user supports only one data stream to be transmitted. We also
assume that all K users transmit simultaneously with perfect
synchronization to the BS that contains K RF chains and Nr

receive antennas. All K users and the BS adopt phase shifters for
transmit and receive analog beamforming. These phase shifters
change phases of analog signals by a discrete number of steps
q, and the q phase shifts are uniformly distributed in [0, 2π).

Let Sq (N) be the set of all possible beamforming vectors of
phase shifters of a terminal with N antennas, i.e.,

Sq (N) =
{
w ∈ CN×1 : wi = ejβi ,

βi ∈
{

0,
2π

q
, . . . , 2π

q − 1
q

}
∀ i = 0, 1, . . . , N − 1

}
. (1)

with ‖w‖2 = N and |Sq (N)| = qN . We let ui ∈ CNt×1 and
vj ∈ CNr×1 represent the transmit and receive beamforming
vectors at the ith user and the jth RF chain of the BS,
respectively, chosen from the codebooks ui ∈ Ct ⊂ Sq (Nt),
vj ∈ Cr ⊂ Sq (Nr ), i, j = 1, . . . , K.

We assume uniform linear array (ULA) of antennas at all
terminals (users and the BS) with λ/2 antenna spacing, where
λ is the carrier wavelength. Let the antenna response vector in
the angular direction θ be

a(θ,N) �
[
1, ejπ cos(θ) , . . . , ejπ (N−1) cos(θ)

]T
, (2)

then the channel between the BS and the ith user, Hi ∈ CNr×Nt ,
i = 1, . . . , K, is of the form

Hi =
1√
L

L∑
l=1

αi
la(φi

l , Nr )a(θi
l , Nt)H , (3)

where L is the total number of propagation paths, αi
l is the gain

of the l-th path, φi
l and θi

l are the corresponding angle of arrival
(AoA) and angle of departure (AoD), respectively.

Let xi be the unit power complex symbol (base-band equiv-
alent) taken from a modulation alphabet A such as M -QAM,
transmitted through the transmit phase shifters ui ∈ CNt×1 of
the i-th user. Then the received signal at the jth RF chain of the
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Fig. 1. Multiuser uplink millimeter wave system.

BS after using receive phase shifters vj ∈ CNr×1, is given by

yj =
√

P

NtNr
vH

j

K∑
i=1

Hiuixi +
√

1
Nr

vH
j n, j = 1, . . . , K,

(4)

where P is the average transmit power of each user,
√

1
Nt

and√
1

Nr
are the normalization factors for ui and vj , respectively,

and n ∈ CNr×1 is the noise vector with each entry∼CN (0, σ2).
After the receive phase shifters, yj , j = 1, . . . , K are passed to
the detector, which is in digital domain, to estimate the trans-
mitted signals. Different detector designs are explained in next
sections. We consider SNR = P/σ2 as the average transmit
power per user to noise ratio. Here, we name h̃i � Hiui as the
effective channel for user i.

In our system, we assume the channel state information
is available only at the receiving base station. Specifically,
the BS first computes the transmit and receive beamforming
vectors based on the proposed design, and then forwards
the beamforming vectors (Nt log2 q bits) to each user. Mil-
limeter wave channel information can be found by using the
compressive-sensing approaches as discussed in [30], [31].
These compressive-sensing approaches can be applied to analog
beamforming with low resolution phase shifters, as discussed
in our earlier work [13]. The algorithms proposed in [14],
[15] uses AoD and channel gains to compute the beamforming
vectors in the multiuser downlink system. In our paper, we
assume the full channel state information, which requires AoA
in addition to AoD and channel gains. Beamforming designs
in multiuser uplink that uses only AoA information is very
interesting and we consider it in our future work.

From (4), we clearly observe that the system performance
depends on the selection of transmit and receive beamforming
vectors ui and vj , respectively, for i, j = 1, . . . , K. In the fol-
lowing, we denote the selection of ui’s and vj ’s as precoder
and detector design.

III. JOINT PRECODER AND DETECTOR DESIGN

In this section, we propose a joint precoder and detector1

design for low resolution phase shifters (q = 4, 8, 16). The

1We use the detector term to represent both the combiner operation at analog
beamforming stage and the detection part at digital stage.

preferred transmit and receive beamforming vectors ui and vj ,
i, j ∈ [1,K] are chosen to approximately maximize the sum-rate
of the uplink system by using an iterative joint search algorithm.

We first rewrite (4) as

y =
√

P VH HUx + VH n

=
√

P H̃x + VH n, (5)

where y � [y1 y2 . . . yK ], V �
√

1
Nr

[v1 v2 . . . vK ] ∈
CNr×K , H � [H1 H2 . . . HK ] ∈ CNr×K Nt , x � [x1 x2 . . .
xK ] ∈ CK×1, H̃ � VH HU ∈ CNr×K , and

U �
√

1
Nt

⎡
⎢⎢⎢⎣

u1 0 · · · 0
0 u2 · · · 0
...

...
. . .

...
0 0 · · · uK

⎤
⎥⎥⎥⎦ ∈ CK Nt×K .

Let the sum-rate of the multiuser uplink system be

C = log2 det
[

P

σ2
H̃H̃H + VH V

]

= log2 det
[

P

σ2
VH HUUH HH V + VH V

]
bits/s/Hz,

(6)

Then our joint design aims at finding the best U and V to
maximize C, i.e.,

Û, V̂ = arg max
U ,V

det
[

P

σ2
VH HUUH HH V + VH V

]

= arg max
U ,V

f(U,V). (7)

where f(U,V) is named as the metric of the joint precoder and
detector design.

This sum-rate expression is the same as the one in [24] except
for the analog receive beamforming (V) at BS which is due to
the hybrid architecture used in mm-Wave systems, whereas full
digital signal is used for microwave communications in [24].
After analog processing at BS, we assume optimal detection in
digital stage (see Section III-B for details). Note that the opti-
mization of the metric in (7) is different from the one considered
in mm-Wave literature [25], [29], [32], where receive SINR is
maximized by using linear detectors such as MMSE.
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To solve (7), the brute-force search requires an expo-
nential computation complexity of |Sq (Nt)|K |Sq (Nr )|K =
qK (Nt +Nr ) . Even for a small mm-Wave system of q = 4,K =
2, Nt = 16, and Nr = 16, it requires to compute 464 values. To
reduce the complexity, we propose a low complexity iterative
joint precoder and detector design algorithm, which can find a
sub-optimal solution to (7).

Iterative Joint Design Algorithm: The iterative joint design
algorithm starts with the randomly chosen initial values of Û
and V̂. In each iteration we sequentially update Û and V̂ using
the local search (LS) method, as discussed below. The output
of the previous iteration is used as the initial solution for LS in
the next iteration. The algorithm stops when the difference of
C between successive iterations is arbitrarily small or when the
maximum iterations are reached.

Local Search (LS) Method: LS starts with an initial solution.
Then it computes the best solution to (7) in the neighborhood of
the initial solution. We denote the neighborhood of x ∈ Sq (N)
asNd,N (x), which is the set of all vectors in Sq (N) that differs
in at most d positions from x, i.e.,

Nd,N (x) � {p : p ∈ Sq (N) and 0 < ‖x− y‖0 ≤ d}, (8)

where ‖x− y‖0 denotes the number of non-zero values in (x−
y) and

|Nd,N (x)| =
d∑

i=1

(
N

i

)
(q − 1)i .

The pseudocode of the proposed joint design is presented in
Algorithm 1. Note that, in the pseudocode, at the t-th iteration,
Û(t)

(i,p) and V̂(t)
(j,p) are obtained by replacing u(t)

i and v(t)
j with

the vector p in Û(t) and V̂(t) , respectively.
Note that a tabu search algorithm similar to this local search

was proposed in [21] to find the near-optimal analog beamform-
ing vectors for point-to-point mm-Wave system. This scheme is
different from our algorithm in two aspects: i) we consider mul-
tiuser uplink system and ii) we consider the full search space
Sq (N) for finding beamforming vectors whereas only steering
vectors (a(θ,N)) were used in [21].

Remark 1: Please note the following points regarding the
motivation of the joint design proposed in this paper. The op-
timal closed form solution is not known even for a full digital
system without constant amplitude phase shifters constraint. An
iterative solution was proposed for full digital system in [22],
but its convergence has never been studied for hybrid systems.
Even if an optimal iterative solution were available, approximat-
ing this solution with the hybrid beamforming matrix requires
high resolution phase shifters and a large number of RF chains
[16]. This is in contrast to our assumption that users have only
one RF chain and low resolution phase shifters. In this case,
there will be a significant performance loss, compared to the
optimal solution.

A. Complexity

The complexity of the precoder design is O(Klp(|Nd,Nt

(x)|)((2K)3 + Nr )), where lp represents the number of loops in

Algorithm 1: The Joint Precoder and Detector Design.
1: Input: H1, H2, · · · , HK

2: Initialize: û(0)
i , v̂(0)

j , for i, j = 1, · · · ,K
3: for t = 1 to number of iterations do
4: Û(t) ← Û(t−1)

5: V̂(t) ← V̂(t−1)

6: for i = 1 to K do
7: x← û(t)

i

8: while (1) do
9: Find z← arg max

p∈Nd , N t (x)
f(Û(t)

(i,p) , V̂
(t))

10: if f(Û(t)
(i,z) , V̂

(t)) > f(Û(t)
(i,x) , V̂

(t)) then
11: x← z
12: else
13: break
14: end if
15: end while
16: û(t)

i ← x,

17: Û(t) ← Û(t)
(i,x)

18: end for
19: for j = 1 to K do
20: x← v̂(t)

j

21: while (1) do
22: Find z← arg max

p∈Nd , N r (x)
f(Û(t) , V̂(t)

(j,p))

23: if f(Û(t) , V̂(t)
(j,z)) > f(Û(t) , V̂(t)

(j,x)) then
24: x← z
25: else
26: break
27: end if
28: end while
29: v̂(t)

j ← x

30: V̂(t) ← V̂(t)
(j,x)

31: end for
32: if f (Û ( t ) ,V̂ ( t ) )

f (Û ( t−1) ,V̂ ( t−1) )
< 2ε then

33: break
34: end if
35: end for
36: Output: û(t)

i , v̂(t)
j , for i, j = 1, · · · ,K

LS, |Nd,Nt
(x)| is the total number of neighbour vectors tested

in each loop, and (2K)3 + Nr is the complexity taking into
account of both determinant computation and the operations
needed for updating P

σ 2 H̃H̃H + VH V for every neighborhood
vector (only one column in U is updated and no updates in V).

Similarly, the complexity of the detector design is O(Kld
(|Nd,Nr

(x)|)((2K)3 + K)), where ld is the number of loops
in LS and |Nd,Nr

(x)| is the total number of neighbour vectors
tested in each loop.

Finally, the complexity of the joint design is NIter × CIter,
where NIter is the total number of iterations in the joint design,
and CIter = (O(Klp(|Nd,Nt

(x)|)((2K)3 + Nr )) + O(Kld
(|Nd,Nr

(x)|)((2K)3 + K))) is the complexity of joint design
per iteration.
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B. Detection

The received signal vector in (5) contains the transmitted
signals and the colored Gaussian noise VH n with covariance
matrix Σ = VH V. Applying maximum likelihood (ML) detec-
tion yields

x̂ = arg max
x∈AK

Pr(y/H̃,x)

= arg min
x∈AK

(y −
√

P H̃x)H Σ−1(y −
√

P H̃x)

= arg min
x∈AK

‖LH y −
√

PLH H̃x‖2, (9)

where L is the lower triangular matrix in the Cholesky decom-
position of Σ−1, i.e., LLH = Σ−1. A sphere decoding ML can
be implemented to solve (9).

C. Upper Bound on Sum-rate

The upper bound on sum-rate is computed based upon the
following setting.

1) We assume fully digital systems for users and the BS, i.e.,
each user has Nt RF chains and the BS has Nr RF chains,
and thus all Nr received signals are available at the BS.

2) We consider all users are cooperative and then the pre-
coder matrix Udig is a full complex-entry matrix. To
maintain the total power constraint, we consider only
the orthonormal vectors as the columns of Udig, i.e.,

UH
digUdig = IK .

The received signal for the point-to-point digital system is

ydig =
√

P HUdigx + n

= Hxdig + n, (10)

where xdig = Udigx and ‖x‖2 = ‖xdig‖2. The achievable rate
of the system in (10) is given by

Cdig = log2 det
[

P

σ2
HHH + INr

]
bits/s/Hz. (11)

By using singular value decomposition (SVD) of H, the rate in
(11) can be written as [33],

C ≤ Cdig =
K∑

i=1

log2

(
1 +

λ2
i P

σ2

)
bits/s/Hz, (12)

where λi , for i = 1, . . . , K are the K largest singular values of
H.

Through the simulation results in Section V-A, we can ob-
serve that the sum-rate of the proposed joint precoder and detec-
tor design is very close to the upper bound. Although the joint
design performs well, it requires high complexity. To reduce
the complexity, we propose separate designs of precoder and
detector in the next section.

IV. SEPARATE PRECODER AND DETECTOR DESIGN

In this section, we present the two precoder designs based
on SNR and SINR maximization, followed by the two detector
designs.

A. The Precoder Design

We propose two different precoder designs for limited reso-
lution phase shifters (q = 4, 8, 16).

1) Conventional Precoder (CP): For user i with its known
CSI, the conventional precoder selects ui that maximizes the
total effective channel power, i.e.,

ui = arg max
x∈Sq (Nt )

‖Hix‖2, for i = 1, . . . , K. (13)

This design requires a very high processing time as
|Sq (Nt)| = qNt . For example, in the case of q = 16 and Nt =
16, we need to check for 1616 values, which is impractical. To
reduce the complexity, we adopt LS method to find an approx-
imate solution to (13). In LS, we consider E(x) � ‖Hix‖2 as
the metric of the algorithm. The complexity of this algorithm is
O(Klp |Nd,Nt

(x)|), much less than joint design in Section III.
However, the performance of CP can be poor due to high

correlation between the effective channels of different users.
Consequently, the BS fails to distinguish different users, since
the precoder design is based only on the respective channel of
each user. To reduce such correlations by taking advantage of
other users’ CSIs, we propose below a successive estimation
precoder (SEP).

2) Successive Estimation Precoder (SEP): We let i1, i2, . . . ,
iK ∈ {1, . . . , k, . . . , K} be the users order, for which each pre-
coding vector is successively computed to maximize its SINR.
Here, the SINR of user ik is defined as the ratio of the user’s
total effective channel power and the interference from users
i1, . . . , ik−1 together with the noise.

3) Matched-Filter (MF) Based SINR: For user ik , based on
the MF detector weights (i.e., (Hik

x)H /‖Hik
x‖) for its SINR

computation, the SEP selects uik
such as

uik
= arg max

x∈Sq (Nt )

‖Hik
x‖2

∑k−1
j=1

∣∣∣ (H i k
x)H

‖H i k
x‖ (Hij

uij
)
∣∣∣
2
+ Ntσ2

,

= arg max
x∈Sq (Nt )

Zk
ik

(x), for k = 1, . . . , K. (14)

4) MMSE Based SINR: For user ik , assuming the interfer-
ence only from users i1, i2, . . . , ik−1, we apply the MMSE de-
tector weights wk

ik
to (14) to select

uik
= arg max

x∈Sq (Nt )

wk
ik

Hik
x

∑k−1
j=1

∣∣wk
ik

Hij
uij

∣∣2 + Ntσ2
,

= arg max
x∈Sq (Nt )

Mk
ik

(x), for k = 1, . . . , K. (15)

By letting Heff � [Hik
x Hi1ui1 . . . Hik −1uik −1 ] ∈ CNr×k ,

the MMSE weight matrix Wk
mmse ∈ Ck×Nr can be written as

Wk
mmse � (HH

effHeff + Ntσ
2I)
−1

HH
eff. (16)

Therefore, wk
ik
∈ C1×Nr is the normalized version of the first

row of Wk
mmse, corresponding to user ik .

Finding the user order for precoder design: The user or-
der can be randomly chosen. However, to improve the per-
formance, at stage k, we choose the ik -th user as the one
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Algorithm 2: The Successive Estimation Precoder.
1: Input: H1, H2, · · · , HK

2: for k = 1 to K do
3: for l ∈ Uk do
4: pl ← LS(Zk

l (x))
5: end for
6: ik ← arg min

l∈Uk

Zk
l (pl)

7: uik
← pik

8: end for
9: Output: u1,u2, . . . ,uK

which has the least maximum SINR from the user index set
Uk =

{{1, 2, . . . ,K} − {i1, i2, . . . , ik−1}
}

. We name this or-
der as minimum order (see more detailed discussions about
alternative user ordering in Section V).

At the initial stage, we choose the i1-th user which has the
least maximum effective channel power, since we disregard the
interference from others. This is because, as the number of
stages increases, the number of interference terms increases,
which puts more constraints on the selection of precoding vec-
tor, yielding a further reduction in SNR of that user. With the
user ordering, SEP design requires K (K +1)

2 of computations
in (14). Similar idea applies to the MMSE based scheme. The
corresponding pseudocode is given in Algorithm 2.

To reduce the exponential computation complexity of (14),
we adopt the LS method in Algorithm 2 to provide sub-optimal
solutions to (14) prior to deciding the ik -th user order. To further
reduce the complexity of LS method, for user ik , we use the first
stage solution of SEP as the initial solution in the next stage and
then update it at each stage.

Overall Algorithm 2 works as follows: In the first stage, the
precoding vectors of all the users are computed by maximiz-
ing their corresponding SINR using LS method. Then the user
with the least SINR is selected and its precoding vector is final-
ized. In the next stage, the precoding vectors of the users except
the selected user in the first stage U2 =

{{1, 2, . . . ,K} − {i1}
}

are computed by maximizing the modified SINR and the user
with the least SINR is selected and its precoding vector is fi-
nalized. This process continues until precoding vectors of all
users are finalized. The complexity order of Algorithm 2 is
O(K2lp |Nd,Nt

(x)|).

B. The Detector Design

In this subsection, we propose two different detectors: one
provides an approximate solution to ML detection and the other
is based on successive cancellation. In both designs, we assume
that the ui’s are already made available using computations in
Section IV-A.

1) Approximate ML Detector (AMLD): Given the known re-
ceived signal s ∈ CNr×1 (the received signal at the BS before
phase shifters) and assuming that the BS adopts Nr RF chains
(the optimal case), the ML detection is given by

x̂ = arg min
x∈AK

‖s− H̃x‖2, (17)

where H̃ � [h̃1, h̃2, . . . , h̃K ] ∈ CNr×K , x̂ = [x̂1, x̂2, . . . ,
x̂K ]T , and x̂i is the decoded symbol corresponding to user i.
Considering

H̃ = QR =
[
Q1 Q2

][R1

0

]
, (18)

where Q ∈ CNr×Nr is a unitary matrix and R ∈ CNr×K is an
upper triangular matrix with the last Nr −K rows as completely
zeros, the ML detection in (17) can be rewritten as

x̂ = arg min
x∈AK

‖QH s−Rx‖2,

= arg min
x∈AK

‖QH
1 s−R1x‖2, (19)

where Q1 ∈ CNr×K is the matrix with first K columns of Q
and R1 ∈ CK×K is the matrix with first K rows of R. From
(19), we observe that ML detection can also be implemented by
using QH

1 s ∈ CK×1 instead of s ∈ CNr×1.
Therefore, we apply ML detection in our hybrid beamforming

at the BS by i) letting the vj ’s equal to the columns in Q1 to
obtain QH

1 s in analog domain, and ii) applying (19) on QH
1 s

in digital domain. Unfortunately, the elements of vj ’s have a
constant amplitude constraint and cannot be made equal to those
of Q1 which have different amplitudes and phases. To solve this
problem, we propose a solution that is based on the following
Lemma derived in [11], [12].

Lemma 1. Every element of Q1 can be written as a sum of
two unit amplitude values. That is, (i, j)-th element of Q1, ei,j ,
can be written as

ei,j = ej (cos−1(ai , j /2)+θi , j ) + ej (− cos−1(ai , j /2)+θi , j ) , (20)

where, ai,j and θi,j are the amplitude and phase of ei,j respec-
tively.

�
Since a large array of antennas is used in mm-Waves to com-

pensate path-loss, in most of the cases, the value of ai,j is close
to 0 and the difference of the angles in (20), 2 cos−1(ai,j /2), is
close to 1800, i.e., one angle in [0, π) and the other in [π, 2π).
Therefore, [v1,v2, . . . ,vK ] = Q1 is implemented in the analog
domain with 2NrK high resolution discrete phase shifters, of
which NrK covers the range [0, π) and the other NrK covers
the remaining range.

We name it as approximate ML detection (AMLD), since dis-
crete phase shifters are used rather than continuous ones. In
Section V, we present the BER performance with different res-
olutions of phase shifters (16, 32, 64) and show that with high
resolution phases shifters, we can approach the optimal perfor-
mance. Although the performance of AMLD is close to optimal,
it requires twice amount (i.e., 2NrK) of phase shifters of high
resolution, when compared to a regular hybrid beamforming
structure. To tackle this problem, in the following subsection,
we present a detector which requires much lesser phase shifters
of low resolution with trade-offs in performance.

2) Successive Cancellation Detector (SCD): Similar to the
SEP in Section IV-A2, this detector is also implemented in
K stages. Let j1, . . . , jk , . . . , jK ∈ {1, 2, . . . ,K} be the users
order at which the corresponding decoding vectors {vjk

}Kk=1
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Algorithm 3: The Successive Cancellation Detector.

1: Input: h̃1, h̃2, · · · , h̃K

2: for k = 1 to K do
3: for l ∈ Vk do
4: pl ← LS(Dk

l (x))
5: end for
6: jk ← arg max

l∈Vk

Dk
l (pl)

7: vjk
← pjk

8: end for
9: Output: v1,v2, . . . ,vK

are successively computed. At stage k, we select the detection
vector for user jk as

vjk
= arg max

x∈Sq (Nr )

|xH h̃jk
|2

∑K
i=k+1

∣∣∣xH h̃ji

∣∣∣
2
+ Nrσ2

,

= arg max
x∈Sq (Nr )

Dk
jk

(x), for k = 1, . . . , K. (21)

Note that the interference term in (21) only takes into account
those users for which decoding vectors are not computed. Sim-
ilar to (13), the computation of (21) requires qNr comparisons,
which is impractical for large values of Nr (32, 64). We thus
use the local search to find the approximate solution to (21) with
metric Dk

jk
(x).

Finding user order for detector design: At stage k, we
choose user jk as the one with the highest maximum SINR,
i.e., maxl∈Vk

(maxx∈Sq (Nr ) Dk
l (x)), from the user set Vk =

{{1, 2, . . . ,K} − {j1, j2, . . . , jk−1}}. We name this order as
maximum order. As the stage increases, fewer interference terms
are involved in (21) and also the interference from high SINR
users j1, . . . , jk−1 is removed, leading to improved performance
for users with low SINR.

The corresponding pseudocode is given in Algorithm 3.
The LS method is used to find sub-optimal solution to
maxx∈Sq (Nr ) Dk

l (x) for a given l ∈ Vk . The complexity order
of this algorithm is O(K2ld |Nd,Nr

(x)|).
Detection Rule: The detector follows the same order as above

to detect the transmitted signals xj1 , . . . , xjk
, . . . , xjK

. In par-
ticular, the detection rule for signal xjk

is

x̂jk
= arg min

z∈A

∣∣∣∣∣v
H
jk

(
s−

k−1∑
i=1

h̃ji
x̂ji

)
− vH

jk
h̃jk

z

∣∣∣∣∣
2

,

= arg min
z∈A

∣∣∣∣∣yjk
−

k−1∑
i=1

vH
jk

h̃ji
x̂ji
− vH

jk
h̃jk

z

∣∣∣∣∣
2

, (22)

where s−∑k−1
i=1 h̃ji

x̂ji
denotes the received signal after can-

celing the interference from users j1, . . . , jk−1. Here, we can
see that the interference from users jk+1, . . . , jK in vH

jk
is ne-

glected, simply because we design vH
jk

based on reducing the
interference from these set of users (see (21)). Different from
[28], our detector uses LS to select vi for low-resolution phase
shifters, whereas in [28], the detector was designed for high

Fig. 2. The sum-rate of the proposed joint design as a function of number
of iterations at different SNR’s with Nt = 20, Nr = 60, K = 4, q = 16, and
L = 3.

resolution phase shifters by considering only the detection vec-
tors (vi) of structure a(φ,Nr ), i.e., one parameter φ decides the
entire vector vi .

V. SIMULATION RESULTS AND DISCUSSION

In this section, we first present the sum-rate of the proposed
joint precoder and detector design and compare with the upper
bound achieved by the point-to-point digital system. We then
compare the bit error rate (BER) performance using our pro-
posed joint design as well as separate precoder and detector
designs. We also compare our system performance with the per-
formance of other existing schemes in [28], [29], and [32] as
well as a fully digital system with ML detection.

A. Joint Precoder and Detector Design

In simulations, we adopt the following setting: K = 4,
Nt = 20, Nr = 60, and QPSK signalling for transmission.
The channel between the BS and each user has L = 3 prop-
agation paths, where one path is line-of-sight (LoS) and the
other two are non-line-of-sight (NLoS) paths. For LoS path,
we assume the path gain as αi

1 = 1, for i = 1, . . . , K, and
for NLoS paths, the path gain as (αi

l ) ∼ CN (0, 1√
L

), where

l = 2, . . . , L and i = 1, . . . , K [28]. The AoD (θi
l ) is uniformly

distributed in [0, 2π) and the AoA (φi
l ) is uniformly distributed

in [−π/3,+π/3) due to sectorization at BS. For LS, we adopt
d = 1 in (8) to list the neighborhood of x.

In Fig. 2, we illustrate the variation of the sum-rate of the
proposed joint design with the number of iterations at different
SNRs for low resolution phase shifter q = 16. We observe that
the proposed joint design approaches the maximum sum-rate
in only 3 iterations. In this simulation, we found the average
number of loops in LS are lp = 30 for precoder design and
ld = 90 for detector design, respectively.

Figs. 3 and 4 show the variation of sum-rate as a func-
tion of number of iterations and neighborhood size (d) with
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Fig. 3. The sum-rate of the proposed joint design as a function of number
of iterations for different number of users with Nt = 20, Nr = 60, P/σ2 =
−10 dB, and L = 3.

Fig. 4. The sum-rate of the proposed joint design as a function of neighbor-
hood size d for different number of users (K ) with Nt = 20, Nr = 60, P/σ2 =
−10 dB, and L = 3.

different number of users (K = 1, 2, 5, 8) with Nt = 20, Nr =
60, P/σ2 = −10 dB, and L = 3, respectively. We can see that
the joint design is converging in 3 iterations for different number
of users. This behavior may be heuristically explained by the
fact that the neighborhood size is large enough to avoid the local
traps in the search. We also observe that the increase in value of
d does not effect the performance as the size of neighborhood
is large even with d = 1, i.e., Nt(q − 1) or Nr (q − 1). Finally,
convergence analysis of the local search algorithm is an interest-
ing open problem that has not been solved yet in the literature.

Figs. 5 and 6 illustrate the sum-rate of the proposed joint
design at different SNRs and for different number of users,
respectively, with low resolution phase shifters q = 4, 8, 16.
In both figures, we also compare the sum-rate of our design
with the corresponding upper bound Cdig and those of the
iterative hybrid precoder and combiner design (HPC) [32]. We
observe that the sum-rate of our design outperforms HPC by
approximately 5 bits/s/Hz thanks to fully exploitation of all
possible combinations for precoders and detectors (Sq (Nt) and

Fig. 5. The sum-rate of the proposed joint design at different SNR’s with
Nt = 20, Nr = 60, K = 4, and L = 3.

Fig. 6. The sum-rate of the proposed joint design for different number of users
(K ) with Nt = 20, Nr = 60, P/σ2 = −10 dB, and L = 3.

Sq (Nr )) rather than constraining to the form of a(θ,N) as in
[32]. We also see that our design with q = 8, 16 is the closest to
the upper bound among all, though the joint design has overall
high complexity, as discussed in Section III A.

B. Separate Precoder and Detector Design

In the simulations, we consider the settings presented in the
subsection V-A. For BER computations, we consider the SNR
as Eb/σ2.

Fig. 7 shows the BER of the joint precoder and detector design
with low resolution phase shifters of q = 4, 8, 16. We observe
that the performance improves as q increases. We also see that
the joint design with q = 8 and q = 16 significantly outperforms
that with q = 4.

Fig. 8 compares the BER performance of CP and SEP using
MF and MMSE weights for SINR computations, denoted by
SEP-MF and SEP-MMSE. We observe that: i) SEP-MMSE
outperforms CP and SEP-MF (more than 4 dB gain at 10−4

BER), ii) performance improves as q increases, and iii) all
the schemes exhibit an error floor at high SNRs due to the
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Fig. 7. The BER performance of CP, SEP-MF, and SEP-MMSE precoders
with SCD detector for different values of q with Nt = 20, Nr = 60, K = 4,
and L = 3.

Fig. 8. The BER performance of CP, SEP-MF, and SEP-MMSE precoders
with SCD detector for different values of q with Nt = 20, Nr = 60, K = 4,
and L = 3.

residual correlations. This is due to the sparsity of mm-wave
channels, where there are more chances of having correlations
between the channels of different users. If the users’ channels
are highly correlated, the base station fails to recognize different
users and cannot detect the signal, even at high SNR with any
precoding and detection scheme. This is why there is flooring
effect in all plots. Note that this flooring effect occurs at different
BERs for different detection schemes, mainly depending on their
interference cancellation capability.

The performance of SEP-MMSE precoder using different
user orders is illustrated in Fig. 9. The SCD proposed in
Section IV-B2 is used at the BS. Three different precoder users
orders are considered: i) maximum order: the user with the
largest maximum SINR at every stage (considered arg max at
line number 6 in Algorithm 2), ii) fixed order: the user or-
der of 1, 2, · · · ,K, iii) minimum order: the user with the least

Fig. 9. The BER performance of SEP-MMSE precoder with SCD detector
for different user orders with Nt = 20, Nr = 60, K = 4, q = 16 and L = 3.

Fig. 10. The BER performance of SEP-MMSE precoder with SCD and
AMLD detectors for different values of q with Nt = 20, Nr = 60, K = 4,
and L = 3.

maximum SINR at every stage, as in Algorithm 2. We can ob-
serve that, at high SNRs, the precoder with the minimum order
performs the best.

In Fig. 10, we compare the performance of a fully digital
system using ML detection and our system using SEP-MMSE
precoder with SCD and AMLD at the receiver, respectively.
The AMLD uses 480 (60× 4× 2) phase shifters of resolutions
q = 16, 32, 64 with 240 covering the range [0, π) and the other
240 covering [π, 2π). We can see that the BER of AMLD with
q = 64 is closest to the fully digital performance, when com-
pared to the others, while the SCD achieves reasonably good
performance with 240 low resolution phase shifters.

In Fig. 11, we compare the performance of various systems:
i) using a SEP-MMSE precoder at transmitter but different de-
tection schemes at receiver: a fully digital one with ML detec-
tion, our system using SCD, the systems using the ordered SIC
method in [28], and Gram-Schmidt (HBF-GS) method in [29]
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Fig. 11. The BER performance of SEP-MMSE precoder with SCD detector,
SIC, HBF-GS, MHP, and HPC for Nt = 20, Nr = 60, K = 4, and L = 3.

for receive beamforming design, ii) two-stage multiuser hybrid
precoder (MHP) in [27] , iii) the HPC design in [32], and iv)
joint precoder and detector design. Here, we assume that ordered
SIC uses 240 phase shifters with q = 256 resolution, HBF-SC
uses 240 phase shifters of full resolution (FR), i.e., it covers all
continuous range of angles, MHP uses q = 16 resolution phase
shifters, and HPC uses q = 128 resolution phase shifters.

Complexity Comparison: The schemes in [28], [29] only de-
sign the detector assuming the precoding vectors are already
available. The complexity order of both designs is O(NrK

2),
which is similar to our SCD when K << Nr . The HPC design
in [32] is a joint precoder and detector design with complexity
order O(NrNtK

2), which is also similar to our joint design.
Through simulations, we observe the similar average CPU run-
ning times for all these methods.

From Fig. 11, we see that the joint design performs closely
to the fully digital one, and better than all the other designs. We
also observe various detector designs together with our SEP-
MMSE precoder have better performance than MHP [27] and
HPC [32], where an error floor occurs at 10−3 BER. This is due
to the fact that MHP selects the analog beamforming vectors of
a user based on its own channel and the interference between
users is handled only by the digital stage at BS. Further, hybrid
precoder and combiner (HPC) design in [32] aims at maximizing
the multiuser sum-rate, when a linear MMSE linear detector is
adopted at the receiver. The BER of HPC is mainly limited by
this linear MMSE detector, while other schemes are non-linear
and able to cancel the interference more effectively.

Moreover we see that our SCD detector with low resolution
phase shifters (q = 16) outperforms the SIC system [28] and
HBF-GS [29] with FR phase shifters by 1 dB and 2 dB, respec-
tively, at BER of 10−4. This performance gain is because of
the exploration of more combinations for beamforming vectors
(Sq (N)) rather than constrained to a particular form of a(θ,N).

VI. CONCLUSION

In this paper, we have considered a mm-Wave multiuser up-
link system for low resolution phase shifters (q = 4, 8, 16). We

have proposed a joint precoder and detector design to maximize
the sum-rate of the uplink system. Although the joint design ap-
proaches the sum-rate of a fully digital system, the computation
complexity to determine the good beamforming vectors is high.
Hence, we have separately designed precoders and detectors,
to provide a tradeoff between complexity and performance. For
the precoder designs, the preferred transmit beamforming vec-
tors are chosen to maximize either SNR or SINR of each user,
using a low complexity LS method. For detector designs, the
receiver beamforming vectors are selected using AMLD and
SCD, respectively. Although AMLD has similar performance
to the fully digital system, it requires to double the number of
phase shifters and a higher phase resolution, when compared to a
regular hybrid beamforming receiver. In contrast, the SCD uses
only low resolution phase shifters without doubling their num-
ber. We have shown by simulations that both joint design and
separate designs with low resolution phase shifters outperform
the traditional methods using steering vectors as beamforming
vectors with high resolution phase shifters.
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