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Abstract

This paper presents a new algorithm for frequency
offset estimation for Polynomial Cancellation Coded
Orthogonal Frequency Division Multiplexing with
symbols overlapped in the time domain (Overlap
PCC-OFDM). The algorithm exploits the Subcarrier
Pair Imbalance (SPI) caused by frequency offset. The
estimation is performed in the frequency domain. No
training symbols or pilot tones are required.
Simulations show that this estimator is an
approximately linear function of frequency offset.
There are three ways to reduce the variance of the
estimation: increasing the number of subcarrier pairs,
using a two-dimensional Minimum Mean Square
Error (MMSE) equalizer before the estimation and
using PCC-OFDM pilot symbols with no overlapping.

1. Overlap PCC-OFDM
 Polynomial Cancellation Coded Orthogonal
Frequency Division Multiplexing (PCC-OFDM) was
designed to reduce the Interchannel Interference (ICI)
caused by frequency offset [1]. In PCC-OFDM, each
data value to be transmitted is mapped onto a group of
subcarriers. In this paper, the case where each data
value to be transmitted is mapped onto pairs of
subcarriers is considered. Despite its advantages,
PCC-OFDM is not bandwidth efficient in its simplest
form [2]. One way to overcome this drawback is to
overlap PCC-OFDM symbols in the time domain [3].

 Figure 1 shows the procedure of symbol overlapping.
With overlapping, each overlapped symbol consists of
three parts, the current PCC-OFDM symbol, the
second half of the preceding PCC-OFDM symbol and
the first half of the following PCC-OFDM symbol.

 
 
 
 
 
 
 
 

 Fig. 1 PCC-OFDM symbols overlapped in the time
domain

 Figure 2 shows a simplified block diagram of an
Overlap PCC-OFDM communication system. The

 
 high speed data stream is fed into a serial to parallel
converter and converted into n  lower speed parallel
substreams. The thi  vector to be transmitted is
represented by ini dd ,1,0 ,, −

� . They are mapped onto

the values iNi aa ,1,0 −
�  that modulate the N

subcarriers in the thi  symbol period. For conventional
OFDM, which has Nn =  and ikik da ,, = , there is a

simple one-to-one mapping of data values onto the
subcarriers. For PCC-OFDM, n  and N  are not equal.
In this paper, we have 2Nn = .

 In the channel, the signal is filtered by the channel
response ( )th  and additive noise ( )tn  is injected. At
the receiver the thi  output vector of the DFT is

iNi zz ,1,0 −
� . The demodulated subcarriers are then

weighted and added to generate the data estimates
ini vv ,1,0 −

� . For the subcarrier pair iMz ,2  and iMz ,12 + ,

an estimate is calculated using
( ) 2,12,2, iMiMiM zzv +−= . To recover the transmitted

data values from the overlapped symbols, a two-
dimensional Minimum Mean Square Error (MMSE)
frequency domain equalizer can be used [3].

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Fig. 2. Block diagram of a PCC-OFDM system
 
 In [4], a blind frequency offset estimator has been
presented for PCC-OFDM. As shown in [5], the
frequency offset estimator for PCC-OFDM can also
be used for PCC-OFDM with symbols overlapped in
the time domain. Recently, a new MMSE frequency
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offset estimator has been proposed for PCC-OFDM
[6]. In this paper it will be shown that the same form
of the estimator can also be used for Overlap PCC-
OFDM.

 
2. Subcarrier imbalance in PCC-OFDM

In Overlap PCC-OFDM, each demodulated subcarrier
contains overlapping components from adjacent PCC-
OFDM symbols [4]. The subcarrier pair imbalance is
still defined as the amplitude or power difference
between two subcarriers in a demodulated subcarrier
pair. That is

( ) 2

,2

2

,12 iMiM zzfTF −=∆ + (1)

Each value of imbalance is a combination of the
imbalance of the PCC-OFDM subcarrier pair and the
imbalance of the overlapping components in the
demodulated subcarrier pair.

In the absence of frequency offset, two demodulated
subcarriers in an Overlap PCC-OFDM subcarrier pair
are balanced in a particular way. The subcarrier pair
imbalance depends not only on the frequency offset
and transmitted data values in the current PCC-OFDM
symbol, but also on the overlapping components from
the preceding and following PCC-OFDM symbols. As
for PCC-OFDM, the data dependency in Overlap
PCC-OFDM can be removed by averaging over a
number of subcarrier pairs. The average subcarrier
pair imbalance depends on the frequency offset,
therefore, we can use the average imbalance for
frequency offset estimation.

Fig. 3. Subcarrier pair imbalance as a function of
frequency offset

Figure 3 shows the average SPI as a function of
frequency offset for 32=N . The number of
simulated subcarriers was 1,000 and all subcarrier
pairs were used.

As for PCC-OFDM [6], The figure shows some
interesting features:

• Crossing zero at zero frequency offset.
• For 5.0<∆fT , the imbalance increases

monotonically as the frequency offset increases.
• Additive White Gaussian Noise (AWGN) does

not affect the zero crossing position.
• The frequency estimation range can be extended

to one subcarrier spacing.

3. Expression for an Overlap PCC-OFDM
subcarrier

The thk  sample in the thi  time domain symbol in
PCC-OFDM is given by [2]
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where ila ,  is the thl  subcarrier in the thi  frequency

domain symbol. The overlapping components in the
current symbol are introduced from the second half of
the ( )th1−i  PCC-OFDM symbol and the first half of
the ( )th1+i  PCC-OFDM symbol. The thk
overlapping component is given by [4]
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At the receiver, the thk  value of the thi  input data
block to the FFT demodulator is given by
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where ε  is the frequency offset, fT∆=ε . ikw ,  is the

Gaussian noise.  The thm  subcarrier in the thi
demodulated symbol is then given by
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The th2M  demodulated subcarrier is given by
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where iMW ,2  is the FFT of ikw , , mlc −  are complex

coefficients given by  [2]
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It is shown in [7], iMW ,2  is Gaussian. The coefficients

mlCF −  and mlCS −  are given by
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Similarly, the ( )th12 +M  demodulated subcarrier can
be obtained.

4. MMSE frequency offset estimator
 

 It is shown in Appendix A that equation (1) for
Overlap PCC-OFDM for 4QAM can be written as

( ) ( ) MefTKfTF +∆=∆ πsin (10)

 where K  is a constant given by [6]
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 Me  is the error term. For small frequency offset, the
error term can be approximated as additive noise with
zero mean and finite variance. Applying MMSE
techniques for equation (10) [8], we can obtain the
frequency offset estimator
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 where lM  is number of subcarrier pairs to be used for
the frequency offset estimation.
 
5. Simulation results
 
 To evaluate the performance of the MMSE estimator,
simulations were performed. In the following
simulations, 4QAM is used for the modulation scheme
with 512=lM  and 128=N . Figure 4 shows the
estimator as a function of the frequency offset for

dB100 =NEb . It is evident that the estimator has an
approximately linear relationship with frequency
offset.
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Fig. 4. Frequency offset estimator as a function of
frequency offset
 

Fig. 5. Variance of the estimator as a frequency offset

Figure 5 shows the variance of the frequency offset
estimator as a function of the frequency offset for an
ideal channel. The variance does not change
significantly as frequency offset increases. This means
that the overlapping components in Overlap PCC-
OFDM are the dominant factor for the variance.
Lower variance can be obtained by increasing lM  or
using a two-dimensional MMSE equalizer before the
frequency offset estimation. Another way to reduce
the variance is to use PCC-OFDM pilot symbols with
no overlapping.

Figure 6 shows the variance of frequency offset
estimator as a function of 0NEb . The frequency
offset simulated was zero. The variance does not
significantly change as the channel noise increases.
The variance is dominated by the overlapping
components.∆
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 Fig. 6. Variance of the estimator as a function of
0NEb

 
6. Conclusion

An MMSE frequency offset estimator for Overlap
PCC-OFDM has been presented. A frequency offset
estimate is obtained by using the average SPI at the
output of the receiver FFT. No training symbols or
pilot tones are required.  The MMSE estimator has an
approximately linear relationship with frequency
offset. There are three measurements to reduce the
variance, one is to increase the number of subcarrier
pairs, the second is to use a two-dimensional MMSE
equalizer before the estimation and the third is to use
PCC-OFDM pilot symbol with no overlapping
components.

Appendix A

From (6), the power of the th2M  subcarrier is given
by
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Equation (A.1) indicates that the power of each
demodulated subcarrier can be represented in terms of
the individual power components from the preceding,
current and following PCC-OFDM symbols. Note for
4QAM with each subcarrier normalized to unity,

1
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, =iLd . The error term of (A.1) is then given by
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Because the expected value of all cross terms is zero,
the expected value of the error term is equal to the
variance of the noise. Similarly, we can obtain the
power for the ( )th12 +M  subcarrier. Using 1

2

, =iLd

for 4QAM, the subcarrier pair imbalance is then given
by
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It is shown in Appendix B that the combination of the
first four summations in (A.3) equals zero. Thus we
can obtain the subcarrier pair imbalance
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where ( )fTS ∆  is given by [6]
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K  is a factor defined in (11). '
,iMe  is the thM  total

error, iMiMiM eee ,2,12
'

, −= + . In Overlap PCC-OFDM, the

error term is more complicated than in PCC-OFDM.
However, the dominant distribution in the error term
is still Gaussian. As for PCC-OFDM, '

,iMe  can be

Eb/N0, dB



approximated as AWGN with zero mean. The
variance is larger than that of PCC-OFDM because of
the overlapping components. Appendix C shows the
variance of the coupling-crossing terms for '

,iMe .

Thus, under the condition of a small frequency offset,
the overall approximate variance is given by

  ( )42'
, 288 ,0~ nniM Ne σσ ++ (A.6)

where "~" means distributed as. Note that we have
used 12 =sσ  for 4QAM in (A.6). The SPI estimator is
therefore given by
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Appendix B

The element of the first summation of (A.3) is given
by
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The element of the second summation of (A.3) is
given by
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Similarly the third and fourth terms can be derived.

Substituting the elements derived to the combination
of the first four summations of (A.3) gives
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Appendix C

The coupling-cross terms iMCC ,2  in (A.2) is given by
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Similarly, the coupling-cross terms iMCC ,12 + for the

( )th12 +M  error term can also be obtained. Note the
first term and the third term are mutually conjugated,
the second term and the fourth term are mutually
conjugated in (C.1). Thus, iMiM CCCC ,2,12 −+  can be

written as
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(C.2)

where ( )•Re  represents the real part of a complex
number. For the first summation in (C.2), considering
the most significant complex coefficients 0CS , we get
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Similarly, we can also simplify the second summation
in (C.2). In addition, in the absence of frequency
offset, the value of the most significant complex
coefficient can be obtained from (7) and (8), that is

5.000 == CFCS . Thus (C.2) can be written as
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The variance of the left side of (C.4) is given by
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When all complex coefficients are considered, the
variance will be slightly larger than above result.
Please note that this result is obtained under the
assumption of no frequency offset. In the presence of
a small frequency offset, the variance could be slightly
larger.
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