A Simple and Accurate Approximation to the SEP
of Rectangular QAM In Arbitrary Nakagami
Fading Channels

Himal A. SuraweeraStudent Member, IEEEBNd Jean Armstrondgsenior Member, IEEE

Abstract—Recently, Karagiannidis presented a closed-form interference effects and Nakagamifading. In another work,
solution for an integral which can be used to compute the average Karagiannidis investigated the average SEP of general order
symbol error probability of general order rectangular quadrature rectangular QAM [3]. In doing so, he calculated a closed-form

amplitude modulation (QAM) in Nakagami-m fading channels - .
with integer fading parameters. In this letter, using an accurate expression for the average of the product of two Gaussian

exponential bound for the Gaussian Q-function, we derive a Q-functions over Nakagamt: fading. However, the solution
simple approximate solution for that integral. In particular, the  which he presents applies only for integer cases of Nak-
solution can be used to compute the average SEP of general orderaggami fading.
:ggffl‘tnsgglggg‘s"g:t‘ézr fc‘)rl?/'terﬁg mik:ggl;?gcm;??&g;sm‘dm)enr'cal In this letter, we use a simple exponential bound introduced
y ' by Chianiet al.in [6] to evaluate the average of the product of
Index Terms—Quadrature amplitude modulation (QAM),  two Gaussianp-functions over Nakagami: fading. Results
sGymqu error probability, Nakagami-m fading channels, bounds, i gicate that this approximation is a convenient tool for
aussian Q-function. . )
calculating the SEP of rectangular QAM. The approximate and
exact results agree closely. The approximate solution is quite
|. INTRODUCTION simple and does not assume an integevalue for Nakagami
ICROWAVE and mobile high speed communicatiofiading. Therefore, it can be efficiently used to investigate
systems can be efficiently implemented by employinthe SEP of rectangular QAM constellations under different
general order rectangular quadrature amplitude modulatitasling severity conditions. Furthermore, in many cases of
(QAM) [1]. It is also used in asymmetric subscriber loop angractical interest, it is sufficient to have approximate solutions
telephone-line modems. The rectangular QAM constellatiok facilitate mathematical manipulations [6], [7]. This is also
can be easily generated by using two independent pufsge in many emerging technologies such as ad-hoc and sensor
amplitude modulation (PAM) signals [2], [3]. networks, where complex calculations must be avoided as
Many publications have studied the error performance gfuch as possible especially at the node level [8].
rectangular QAM constellations [2]-[5]. Beaulieu in [2] pre-
sented a formula for the symbol error probability (SEP) of 1.
general order rectangular QAM, in additive white Gaussian
noise (AWGN). In the same work, he derived a closed-form
solution for the average of the product of two Gaussizn  Consider evaluation of the following integral,
functions over slow Rayleigh fading. In [4] Yoon and Cho oo
derived a closed-form expression for the exact bit error rate Y (a,b) =/ fr(r)Q(ar)Q(br)dr (1)
for Gray code mapped rectangular QAM. The M-ary square 0

QAM, a popular modulation format used in many wirelesghe -function is given byl/\/ﬂff’ exp(—y2/2)dy and

applications, is a special case of rectangular QAM. Therefofe ;) s p.d.f of the Nakagamin fading envelope given by

the exact SEP or BER expressions of rectangular QAM]

provide more generalised performance evaluations for QAM 2m™ 5. m

modulation [4]. fr(r) = Qnl(m) eXp (757’ ) @)
Recently, several authors have analyzed the performance

of rectangular QAM constellations in Nakagami-fading WhereQ = E{R?}, m = Q*/E{(R*-Q?)?} and&{-} denotes

channels [3]-[5]. In [5] Liu and Hanzo derived the exact bihe statistical expectation operatdi(z) is the Gamma func-

error rate of rectangular QAM by considering the co-channépn defined asf™ t*~! exp(—t)dt [10]. In the above p.df,

m reflects different fading severity conditions. For example,
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A PPROXIMATE AVERAGE OF THEPRODUCT OFTWO
Q-FUNCTIONS OVERNAKAGAMI -m FADING



A. Approximate Evaluation of (a, b) and

In [3, eq. 4] Karagiannidis derived the exact solution to P.(A;. Ao) =2a; Q(A;) + 2a5 O(A 9
(1) valid for integerm. The derivation follows the concept of (4 Ao) 14Q( 1) A ’ Ci( ?) ©)
[2, Appendix]. After evaluating the Nakagami-cumulative —40102Q(A1)Q(4q)
density function, he has elegantly avoided the complexity iss{jg o erea; = (1— ) andas = (1— 52 ). M;-PAM and

by replacing the incomplete Gamma function with its finit
series representation valid for integer valuesofin this letter
we use a different approach to obtain an approximate soluti
to Y(a,b), in terms of elementary functions. Our approac
uses accurate exponential bounds for the Gauggifumction U(a) — /Oo

a) = ar r 10
reported by Chianet al. [6]. (a) Qar)fr(r) (10)

We note thatQ-function is related to the complementary-oy this integral, a closed-form solution valid for integer values
error function erféz) as of m was reported in [11, eq. 5.17] as

1 T
Q(z) = zerfc () 3 1 1
2 V2 272 2m+a2Q Z (k!)?2 4m+2a29) (11)

Therefore, Y (a,b) can be rewritten as

Mq
‘?\4 -PAM are the |n phase and quadrature PAM signals.
Therefore to calculat®,, two integrals must be evaluated.
ﬁ%nsider the following integral

Also using the integral result of [12, eq. 2.8.5-%)a) for

T(a,b) = i/erfc <\C;%> orfe (f/%) fa(r)dr (4) non-integer values o can be simplified to
0 (2m)™1 T'(m+ 3)

U(a) = 12
A simple tight exponential bound for the effg function was (@) VrQma?m  T'(m) (12)
presented by in [6, eq. 14] as « oF, (m o L 1 1 2m>
erfc(z) ~ le_g”2 + 16_4“”2/3 (5) ’ 2 Qa?
-6 2 where 5 F(-,-;-;-) is the Gauss hypergeometric function.

The accuracy of the above tight upper bound was discussagithermore, if the approximate etic) representation of (5)
in [6] where the authors mentioned its good agreement wii employed¥(a) is given by

erfc(x) for = > 0.5. Therefore, by using (5) we can approxi-

m o} 1
mateT(a, b) as . . \Il(a) ~ 7@“:?‘(171) (A 6 exp (—OZ5T2) r2m=1g. (13)
m
T(a,b) ~ ——— (/ exp (—aqr?)r*™ " tdr  (6) 0
, = 1
2Q) F(m) 0 36 / 5 exp (—OZGTQ) ,r,2'rn—1d,r,>
') 0
+ 1eX (fa Tz)rszldr
4 P 2 whereas = (Qa?+2m) /29 andag = (224 +3m)/3Q. Eq.
0 (13) can be simplified to
(oo}
1
+ / — exp ( a37“2)r2m_1dr mm 1 1
U(a) ~ — 4+ — 14
o 12 @~ 30m \3ar T o (14)
*1 2 2'rn—1d
+/0 ﬁeXp( aar®)r " IV. NUMERICAL RESULTS

In this section we present several numerical results to verify
the accuracy of the approximate analysis. All computations
were performed using MATLAB. In Fig. 1 we compare the
Sxactclosed -form solution of [3, eq. 4] and the approximate
solution of (7). In the case of non-integer, the exact result
was obtained by numerical integration. The same parameters
T(a.b) ~ mm (1 1 n 1 n 1) (7) considered in [3] for 48, 4) QAM constellation are used. For

wherea; = (Qa? + Qb + 2m) /29, az = (2Q2a? + 2Qb +
3m) /39, az = (3Qa® + 4Qb% + 6m)/6Q and ay = (4Qa® +
3Qb% + 6m)/69. The four integrals involved in (6) can be
simplified using the integral results of [10, eq. 3.478-1] t
give

T 16Qm \ 9ot T ap ' 3agt | 3af (8,4) QAM, the signal-to-noise ratio (SNR) is defined as
[1l. SEP OF GENERAL ORDERRECTANGULAR QAM IN Er (214 59%)QA7 15
NAKAGAMI -m FADING o2 2 (15)

In this section we use the approximate expression (7) f¢he approximate and exadt(a, b) values match remarkably
the T(a,b) to evaluate the average SEP of general ordgy, ,,, — 1 ands. However, form = 2.75, the approximate
rectangular QAM in Nakagmir fading. The average SEPapproach slightly overestimates the result.
of general order rectangular QAM in Nakagami-fading Fig. 2 shows the average SEP of rectangular QAM versus
channels is given by [3] the average symbol energy-to-noise povi&r/o2 due to the

approximate approach. In the first example(&4) QAM
Fe = / e(rAr, 7 AQ) fr(r)dr (®)  constellation is considered [2], [3]. “Approx. f( usc)ad Egs. (7)



— m=1,y=1- Approx.
O m=1,y=1-Exact
— m =3, y=21/5 - Approx.
]| O m=3,y=21/5-Exact
— m=275y= (21/5)1’2 — Approx.
O m=275,y=(21/5)"2 - Exact
T T

10 15

2
2.
ET/cn indB

20 30 35 40

Fig. 1. Y versusEr /o2 for (8,4) QAM constellation parameters.
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Fig. 2. Average SEP fo(8,4) QAM in Nakagamism Fading. The dashed
lines show results from (7) and (14).

and (11). In all cases considered, the average SEP predictions
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Fig. 3. Average SEP fof16,8) QAM in Nakagamim Fading.

Nakagamim fading. This approximate solution is valid for
both integer and non-integer valuesraf We also investigated
the average symbol error probability (SEP) of general rectan-
gular QAM constellations over Nakagami-fading channels.
Numerical results confirm the accuracy of the average SEP
predictions.
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