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Abstract: Linear subspace analysis (LSA) has become rather ubiquitous in the solution of
a wide range of problems arising in pattern recognition and computer vision. The essence
of these approaches is that certain structures are intrinsically (or approximately) low
dimensional: for example, the factorization approach to the problem of structure from
motion (SFM) and principal component analysis (PCA)-based approach to face
recognition. In LSA, the singular value decomposition (SVD) is usually the basic
mathematical tool. However, researchers have rather blindly used a SVD, without
knowing the essential characteristics of its performance in the noise-corrupted
environment. With the help of matrix perturbation theory, we present such an analysis
here. First, the “denoising capacity” of the SVD is analysed. Second, we study the
“learning capacity” of the LSA-based recognition system in a noise-corrupted
environment. These results should help one to design more optimal systems in computer
vision, particularly in tasks, such as SFM and face recognition.

A direct application is that we clarify some issues regarding an optimal learning strategy
for face recognition. Our analysis agrees with certain observed phenomenon, and these

observations, together with our simulations, verify the correctness of our theory.

Index terms: Singular value decomposition, Linear subspaces, Principal component
analysis, Structure from motion, Face recognition, Matrix perturbation, First-order

perturbation, Multiple eigenvalue/singular value.
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1. Introduction

Linear subspace analysis has found application in many problems in computer

vision and pattern recognition, where the high-dimensional representations of certain

structures are intrinsically (or approximately) low dimensional. In this paper we focus on

two very prominent problems: Structure from Motion (SFM), and PCA-based face

recognition, although a whole host of other computer vision and pattern recognition tasks

fall within the framework of our analysis.

1.1 Applications of Linear Subspace Analysis

In the SFM context, and in related multi-view analysis tasks, one extracts from the

image sequence the coordinates of various tracked points (or other geometric features

such a lines). These coordinates may be assembled into a measurement matrix, which is

essentially low dimensional despite the matrix (itself) usually being physically huge. For

example, under the affine models, the measurements are generally restricted to a rank-4

subspace [13,14,16,17,23,32]. (Although the registered measurement matrix can be of

rank 3 [16,17,23,32].) Another example is that the homographies of multiple planes

between two views reside in a rank-4 subspace [36,37]. Similarly, the homographies

between two planes over multiple (>2) views lie in a rank-4 subspace [29]. Moreover, the

rank-4 constraint also holds for the case of multiple-planes-over-multiple-views [36,37].

Exploitation of this low rank constraint is essential to solving for the quantities of interest

(e.g., the 3-D structure of the scene being imaged).
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Another particularly active area of computer vision research, also employing
subspace analysis, is that of PCA-based face recognition* [6,10,33]. A human face, in
typical applications, must be recognised despite illumination changes between the target
image (to be recognised) and the database of candidate images. It has been observed that:
“the variations between the images of the same face due to illumination and viewing
direction are almost larger than image variations due to change in face identity” [19]. The
issue of large illumination effects makes the problem of face recognition challenging
[3,4,7,8,15,28]. In order to tackle this issue, PCA has been utilized to model the lighting
variation in images; because it has been proved, experimentally [20-22,6,10,35] and
theoretically [1,2,25,26], that the possible images of the same Lambertian object, under
different lighting conditions, approximately concentrate in a low-dimensional subspace,
although the dimension of the image set for an object is “equal to the number of distinct
surface normals” [4]. Experimental observations [6,10,35] have also helped firmly
establish that the images of the same face, produced under different lighting conditions,
also approximately lie in a low-dimensional subspace. Similar approaches can be used in
general object recognition and pose determination systems. A particularly influential
example of such was the SLAM system [20-22], which captured the variations due to

pose and illumination by a 20-dimensional (or less) subspace. Recently, it was proved, by

* Here, we have to clarify the difference between the common PCA [6,10,33] and linear subspace analysis
[1-3]. In face recognition and related applications, several terminologies, like PCA [33], eigenface [33] and
eigenimage [6,10], have been used for such dimensionality reduction techniques. PCA [6,10,33] works on
the correlation matrix, where the mean of the images was first subtracted. While, in linear subspace
analysis, we work directly on the original data [1-3], without subtracting their mean. Recently, some
theoretical analysis [1,2,25,26] and experimental result [3] prove that better performance can be obtained
directly by using the linear subspace analysis, without subtracting the mean. In section 5, we analyze the
performance of the linear subspace analysis, without subtracting the mean, as in [26].

3
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using spherical harmonics, that “all Lambertian reflectance functions obtained with
arbitrary distant sources lie in close to a 9D linear subspace”: Basri and Jacobs [1,2] and

Ramamoorthi and Hanrahan [25,26].

1.2 Noise Effects

Despite such a plethora of applications where one expects, in principle, the
measurements to be of low rank; it is widely understood that noise is inevitably
introduced in the data. In the presence of noise, the matrix in question quickly becomes
full rank. Thus, the matrix has to be fitted to its closest low-rank approximation. The SVD
gives the best solution to this problem [9], measured by the Frobenius norm and 2-norm.
The result is guaranteed to be optimal [24] if the noise is i.i.d. Gaussian. Not surprisingly,
therefore, the SVD has become a widely used tool. For example, the factorization method
[23,32] achieves a Maximum Likelihood affine reconstruction from multiple (>2) views,
as pointed out in [11,27].

From a related point of view, the low-rank approximation can be regarded as a
“denoising” tool, where we refer to the measure of the sum of squared difference (SSD)*
between the noise-corrupted matrix (or the “denoised” matrix) and the noise-free matrix.
Compared with a noisy matrix that is always of full rank, its low-rank approximation
matrix, obtained by SVD, is always closer to the noise-free matrix, i.e. the underlying
ground truth. For example, the multiview subspace constraint was utilized to improve the

accuracy of recovered homographies, especially for those that have small regions [36,37].

* In image denoising, we usually use the terminology of mean square error (MSE).
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Thus, linear subspace approximation is sometimes a model simplification and

sometimes a denoising process (and often both, simultaneously).
1.3 Performance Questions

1.3.1 Denoising capacity of SVD

Although SVD is widely employed to fit a large matrix to its low-dimensional
subspace, little work has been done to analyze the performance of SVD in such noise-
corrupted cases. It is well known [9] that one can, by SVD, obtain the best solution to the
low-rank approximation, measured by 2-norm or Frobenius-norm. However, the
optimality is against the noise-corrupted matrix: the rank-r approximation matrix,
obtained by SVD, is the closest rank-» matrix to the noise-corrupted matrix. However, we
don't know its capacity of separating the signal from the noise. Supposing the noise level
is small enough, how much signal is retained by keeping the largest » components? Or,
how much noise has been reduced by discarding the other components? In this sense, we
are blindly using SVD, without knowing its denoising capacity: how close is the low-rank
approximation matrix to the noise-free matrix, or how close is the SVD-based subspace to
the ground-truth subspace. The lack of such performance analysis impedes the careful
design of optimal systems. A natural issue arising is to characterise the achieved accuracy
with the growth in data (in the SFM context, this can be either through a growth in the
number of frames analysed, or by a growth in the number of features tracked). In the
factorization approach to SFM, it is widely accepted that more frames produce more
accurate result than a few ("few" typically being little more than 3) frames. It was even
claimed [31] that the 3D scene could be reconstructed to arbitrary accuracy given enough

frames.
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However, what is the gain of adding the data from one extra frame to a very large
measurement matrix? What happens as the number of the frames approaches infinity?
Can the 3D scene be truly reconstructed with arbitrary accuracy? Can such arbitrary
accuracy only be achieved by the increase of the frames (while the number features don’t
increase)? Is an increase in the number of frames the most efficient way to obtain an
increase in accuracy?

In the example of SFM, as suggested above we can also possibly augment the
number of feature points, or we can augment the number frames, or we can do both: i.e.,
both the row and the column of the matrix can grow towards the infinite in size. However,
in a related problem, the matrix consisting of the homographies over two views, is
restricted to a class of mx9 matrices [36,37]. Such a matrix can only "grow" in one
dimension, not both. We introduce some terminology to describe this difference: We call
the matrix potentially-double-infinite if it has infinite rows and columns, and potentially-
single-infinite for those who has constant rows (columns) and infinite columns (rows).
This raises another question: What is the difference between these two types of matrices in
terms of the precision that can be achieved?

In summary, the first aims of this paper are to analyze the denoising capacity
of SVD, i.e., to identify the error that still resides in the low-rank approximation
matrix and how this error relates to the growth of additional data.

1.3.2 Learning capacity of linear subspace analysis

Different questions, to those posed above, arise from the face recognition

applications (including the object recognition and pose determination, and related

applications). In the PCA-based face recognition approach, the eigenimage representation
6
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relies on a compact approximation of the large image database (or "training" set), by

spanning this set (approximately) with a few orthogonal basis images. Such an approach

attempts to capture and characterise the essential object or face features, and their

variations in appearance under lighting and pose changes. Although the “illumination

cone” [4] (see also [38]) can be obtained by as little as three images, the result is usually

not accurate enough. Firstly, there is inevitably some noise in the images, like

quantization error. Secondly, it is difficult to satisfy the conditions in proposition 3 in that

paper ([4]). Even if we can have three distinct light sources that can shed light on all the

points of the surface, we can’t, in practice, exclude other light sources that cause attached

or cast shadows on the subject. These considerations, plus general noise, have generally

resulting in researchers trying to "learn" the eigenimages by a data reduction step applied

to many "learning samples". Thus, many learning samples were needed to produce a good

basis, for example, 66 images were used for one object [3]. What is the relationship

between the learning capacity and the size of the learning samples? Note, the learning

process will be explained in section 5, and a more detailed description of such learning

processes can be found in [33,10,3].

Understanding the error, still residing in the basis images, will hopefully help to

design the recognition system. Accurate basis images are desired because the recognition

algorithm relies in projecting the test image, to be identified, on the basis images. Note

that the test image itself contains noise. Thus the noise in the LSA-based recognition

system comes from two sources: one from the basis and the other from the test image. Do

these two types of noise interfere with each other?
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The second aim of this paper is to present some theoretical analysis of the
learning capacity of LSA-based recognition systems. Specifically, the error
(measured by the sum of squared differences — SSD) of the LSA-based recognition
system can be separated into two parts: one from the basis and the other from the
test image, and we obtain some analytical results about their effects on the
performance of the recognition system. We show that it is possible, theoretically, to
design the optimal recognition system if we know the expectation of the test images.

In this paper, we answer the above questions by analyzing the performance of
SVD in a noise-corrupted environment using the major tool of the matrix perturbation
theory. In section 2, we first present our results. In section 3, some preliminary knowledge
concerning the SVD and matrix perturbation theory is summarised. In sections 4 and 5,
the justification of our results is developed, with the help of the matrix perturbation
theory. In section 6, some simulation results are presented to testify to the correctness of

our results and we explain some phenomena, observed by other researchers.

2. Major results

2.1 Notation

In the following, a matrix will be denoted by a bold capital letter, like M, and a

bold lowercase letter represents a vector, e.g. X. M, denotes the i" column of M. A scalar
entry in a vector or in a matrix will respectively be denoted by, for example, x, or M ,.
I, denotes the nx n identity matrix, and 0, , for a mxn zero-matrix. e, is the i" column

of I, . M, i @ notation from Matlab, denotes for the submatrix of M: the intersection of

n
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the i-to-j rows and the k-to-/ columns. A matrix U, U e R™", is said to be orthonormal,

iff U"U =1, . The set of mxn orthonormal matrices is denoted by O™". An orthonormal

matrix will always be denoted by U or V. Two matrices, M and N, with same sizes, are

said to be orthogonal to each other iff | M||.=1, ||[N||.=1, and ZMI.’J.NW. =0. The

Frobenius norm of a matrix M (or a vector) will be denoted as ||M|| »» Where

||M|| = ZM fj . M" denotes the closest rank-r approximation of M e R™", where
i

r<min(m,n), as will be explained in section 3.1. The symbol “~” means the first order

perturbation, explained in appendix A. And, “~” means the equality, in the sense of

statistical expectation.

2.2 Major results

Here, we present the major results of this paper, by which we can answer the

questions in the introduction. The justification of these results will be deferred until

section 4 and section 5.

Result 1 (Denoising capacity of SVD): Suppose a matrix A € R™" lies in a low-

dimensional, r, subspace. It is corrupted by i.i.d. Gaussian noise producing another matrix

B, which is directly observed. Then, the error that still resides in the rank-r approximation

matrix, B", is

2

- rm+n)—r
E|B, A oo /W=
s LJ mn
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if the noise level o, compared with the signal level, is small enough. Specially, as

m,n — o, the rank-r approximation of B approaches A, i.e. B" - A; and if n=

(k>r)and m - «,

E|B, -4, |—)O'\/%

k

2)

Result 2 (Learning capacity of LSA): For a rank-r LSA-based recognition system, the

"error measure" (the SSD) comes from two independent sources: the noise in the basis

images and the noise in the test image. Specifically, the expectation of the SSD, over the

learning samples, is:

(m— r)O'f N (m— r)ra%

3)

where m is the dimension of the object, n is the number of learning samples, o, and o,

are the noise levels, for the test image and the learning samples respectively (Supposing

both o, and o, are small enough, compared with the signal level o). Moreover, for a

random test image set, (3) is optimal among the size-n learning sets; and the size-n

learning set is optimal iff it has » equal singular values.

Result 1 and result 2 will be motivated in section 4 and section 5 respectively.

3. Preliminary knowledge: SVD and perturbation theory

3.1 Singular value decomposition

The principle behind the SVD [9] states that any matrix, M e R™", can be

decomposed into

M=UxV’

4

10
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where UeO™", VeO"" and X =diag(o,,0, 0,0 ,) € R™", with p = min(m,n) and
0,20,2--20,20. Without loss of generality, suppose m =n. (ol i=12,---,n}

are the eigenvalues of M"M , or the first n largest eigenvalues of MM . The first n left

singular vectors of M are {U, |i=1,2,---,n}, where U, is the eigenvector, corresponding
to the eigenvalue of A7, of MM’. Similarly, the right singular vectors of M are
{V.]i=12,---,n}, where V, is the eigenvector, corresponding to the eigenvalue of A, of

M”M . Another important fact [9], is that one can easily construct M*, the closest rank &

approximation of M, measured by 2-norm or Frobenius-norm, by:
k
M‘=>0o,UV/ (5)
i=l1

Specifically,

o <o, ©
s, = 5o o

Only the perturbation theory concerning singular values/vectors is needed in this

3.2 Perturbation theory

paper. However, we also include the perturbation theory concerning the
eigenvalues/eigenvectors as a useful way to arrive at our results. With our objective,

though, we need only consider symmetric matrices where the eigenvalues/eigenvectors are

11
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concerned. To our best knowledge®*, the perturbation expansion of the
eigenvectors/singular-vectors is available only for those that correspond to a simple
eigenvalue or singular value [30,34]. In this section, we review such theory, and present,
in the next section, our new results for those that correspond to a multiple eigenvalue or
singular value. In order to have a complete description of the perturbation theory, we give
all the proofs, including those available in the textbooks [30,34], plus those within our
new results. Detailed proofs are arranged in appendix A.

m,m

Theory 1 [34]: Consider a symmetric matrix, M € R"™". Suppose M has m distinct

eigenvalues, {A,|i=12,---,m} and the corresponding eigenvectors are
{x, [i=L2,---,m}. If M is perturbed by a matrix N, the eigenvalues and the eigenvectors
of M+N are {1/ |i=12,---,m} and {X|i=12,---,m} respectively. Supposing every

entry in N is small enough, the first-order perturbations of eigenvalues and eigenvectors

are:
ﬂ“i, = ﬂ“i + lBi,i (8)
B
X '=x + X, 9
=X, ;&_% ; ©)

T
where [, =x; Nx .

Theorem 2 [30]: Suppose A (not necessarily symmetric) is corrupted with N and we
observe B: B=A+N. According to SVD, we have A=UZV', whereUeO™",

Y =diagix,,k,, .k, }, VeO™". Define C=U"NV. Suppose k, is a simple non-

* Here, we’d like to express our appreciation to Prof. G. W. Stewart [32], who, by private correspondence,

12
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zero singular value of A. Then, the first order perturbations of the singular values A,, the

right singular vector X,, and the left singular vector y,, of B are respectively

A, =k, +C,, (10)
A.C. . +A1.C, .
J Tt tLJ
X, =V, +2 IR TRl (11)
J#i i j
AC. . +4.C, .
Ye=Ut =5 U, (12)
J#i i Jj

The perturbation theory above, concerning the singular values/vectors, holds only
for positive (and significantly large) singular values [30] (Note: singular values have to be
non-negative.) In this paper, only LSA-based applications are of concern. In these rank-r
problems, only the first » largest singular values are needed, where »<<m. Thus, we don’t
have to consider the behavior of the perturbation for the zero (or near zero) singular

values.

3.3 New perturbation theory, corresponding to a multiple eigenvalue/

singular value

In this section, we present our result concerning the perturbation expansions,
corresponding to the case where the matrix has at least one multiple eigenvalue/singular
value.

First, we want to shed some light on the perturbation expansions concerning
singular vectors that correspond to a multiple singular value. We do this by considering

the perturbation expansions of the eigenvectors of a symmetric square matrix:

pointed this out to us.

13
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Theorem 3: Suppose M eR™", M=M", and it has m eigenvalues {1} and m
eigenvalues {X,}, which are orthogonal to each other*. Without loss of generality,
suppose the first k eigenvalues of M are same, A, =A for i =12,---,k. M is corrupted
with N, which, compared with M, is small enough. Define Q =[x,

’Xm]TN[Xla""Xm]-

Then, the first-order perturbation of the first k eigenvalues and eigenvectors of M+N are:

Al =A+0, (13)
k m !
=z X+ O X, (14)
J=1 Jj= k+1/1 /1

where O, (supposing 6, #6, if i# j) and S, =[S1,[,S2J,---,Sk’i]r are the eigenvalues

and eigenvectors of Q.. respectively, ie Q. =Sdiag{s,,---,6,}S" and

S S
S=[S,,S,,---,S,].  Define Q'=[ I }Q{ | } The  other m-k
m—k m—k

eigenvalues/eigenvectors can be obtained as in theorem 1.

Following the same notation as used in theorem 2, we consider the perturbation
expansion, where the matrix has at least one multiple singular value.
Theorem 4: A, B, C and X are defined as those in theorem 2. Define QQ=C+X.

Without loss of generality, suppose the first k singular values of A are the same:

* For an r-ple multiple eigenvalue, we, first, have its  eigenvectors, {x;|i=1,---,7}, which may not be
orthogonal. Then, the » orthogonal eigenvectors can be obtained by applying Schmidt orthogonalization on
{Xi |i:19"'7r} .

14



MECSE-6-2003 : "An Analysis of Linear Subspace Approaches for Computer Vision ...", P. Chen and D. Suter

{k,=xl|i=1--,k}. By SVD, Q,, =FSE" =Fdiag{S,,--,S,}E".  Let
F E i ' 7 '
U'= , V' = ,and Q'=U"QV'.
Im—k Im—k

B =(UUNQ'(VV")’ (15)
The first order perturbation of the singular values, {1}, right singular vectors {X.}, and
left singular vectors {y'} for 0<i<k, of Q' are respectively

ﬁ“i,:Q;,i :Si (16)

X, =e + y 2 ——le (17)

mn Q' +x.Q
y =e + » —2—L e (18)

2 2 J
j=k+1 K K;

From (15), {1/} are also the first k singular values of B, and, the right singular vectors
{x,} and left singular vectors {y,} of B are respectively: {VV'X;} and {UU'y!}. The

perturbations, corresponding to other non-zero simple singular values, can be obtained

as in theorem 2.
4. Denoising capacity of SVD

In this and subsequent sections, we analyze the performance of SVD-related
applications, as promised and sketched in the introduction and in section 2.2: (a) the
denoising capacity of SVD; (b) and the learning capacity of LSA-based recognition
system. We motivate our analysis by the perturbation theory concerning singular values

and singular vectors, as outlined in section 3.2 and section 3.3.

15
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4.1 Case of distinct singular values

First, we consider the simplest case: a square matrix with a few distinct non-zero

singular values. A, B, C, and X are defined as in theorem 2: A is the signal matrix, N is

the i.i.d. Gaussian noise matrix (with zero mean and o variance), B=A+N, A =UXV’

and C=U"NV. Note C is still an i.i.d. Gaussian noise matrix (with zero mean and &’

variance). Further, define Q = C+ X . Then,

B=UQV’ (19)

{x,} and {y,}, defined as (11) and (12), are respectively the right and the left singular

vectors of B; {x/} and {y’}, defined as (A.4) and (A.5) in appendix A, are respectively

the right and the left singular vectors of €. Obviously, from (19),

y, =Uy, and x, = Vx| (20)

And, also from (19), the singular values of B, {1}, are same as the corresponding

singular values of Q, {1/} .

Suppose that the noise-free matrix A should have a rank of 7, i.e. A = Z U, V.

i=1

Combining (5), (19) and (20), the closest rank-» approximation of B is

l

B" =) Ayx/ =UQ Ay x,")V =uQ'Vv’ (21)
i=1 i=1

Then

2
H B"-A ||12V: Z(Q:J _Ai,j)UiVjT

i,j

F

(22)

16
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where Ae R™™, A, , =0 if (i,/) ¢ {(LD,(2,2),---,(r,r)} and A, =k, for (i=L---,7).

Due to the mutual orthonormality among any U iVjT , we have the following formula:

r 2 r 2
1B —A ;=@ - Al (23)
According to the perturbation theory in section 3.2, the first order perturbation of
'y'x!" (to see the definition of {4}, {x!} and {y'} in (A.3-A.5), in appendix A), for

example Ay!x!", is:

A Aa” K, +C,. Ka
' ' 'l o 1 1 ~ 1 1,1 1
Ayix = ~ (24)
Ab 0 Kb 0
T
k,Cy +x,C, k,C.,+xC, C.,, C.,
where a= - 5 5 5 , and
K —K, K —K, K, K,
T
Kl C2,1 +K2C1,2 chr,l +KrC1,r Cr+l,l Cm,l
= 5 > > > . Note, 2-order and
K, —K, K, —K; K, K,

higher-order terms have been dropped. Similarly, the first-order perturbations of A'y’x!",

1

for (i =2,---,r), can be obtained.

By combining such results as (24), it is easy to obtain

Q" A=Y (25)
i Cl 1 Cl,r Cl,r+1 Cl,m 1
Cr 1 Cr r Cr r+l te Cr m
where Y = ’ ) ’
Cr+1,l t r+l,r 0 o O
| C,. c 0 0 |
E|B -Al2=E|Y|. =Y EY} =2rm-r*)o’ (26)

17
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/ 2
E| Bir,j - Ai,j = 0% (27)

Obviously, (27) is a special case of (1) for square matrices, where n=m.
4.2 Case of multiple singular value

As in the theorem 4, suppose the first & (k<r) singular values of A are same.

Following the notation in theorem 4, we similarly have, as done in section 4.1:
B’ =) Ayx] =(UU)Q_Ayx")(VV)" =(UU)Q"(VV) =UQ"V’ (28)
i=1 i=1

By the same techniques as in section 4.1, the first-order perturbation of Q'" has the
following form (please note the similar form between (17, 18) and (A.4, A.5) and the fact

that the up-left kxk submatrix of Q', Q, |, , is a diagonal matrix.):

I Q;,l Q;,r Ql,r+l Q;,m_
Q’rl Q:"l Q:fr+l Q;m
O * * * (29)
Qr+l,l Qr+1,r 0 0
Q:ﬂj] Q:n’r 0 0

Then,

18
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I Qi,l T Q;,r Ql,r+l Q;,m 1
: F Q;’ Q’rr Q:*rJr Q:m _ET
Q' :U(Q(rVrT — Bl , s+l ,
I m—k QrH,l Qr+l,r O T 0 L Im—k
o, 9, 0 0|
I Ql,l Ql,r Ql,r+l Ql,m 1
er er erJrl Qrm
= ’ ’ ’ T =A+Y
Qr+l,l Qr+l,r 0 e 0
_Qm’l Qm,r 0 0 |

where A and Y are same as those in (25), and E and F are defined in theorem 4.
Obviously, the same result, as (27), has been obtained.
4.3 Extension to the rectangular matrix

As stated in section 3.2, we only have to consider the first » largest singular
values. Thus, in the cases of rectangular matrices, the perturbation theory concerning the
singular values/vectors still holds and the performance analysis, in section 4.1 and section
4.2, can be easily extended to the rectangular matrices. Here, we only present the final
result, omitting the tedious mathematical deduction, which is almost same as that in
section 4.1 and section 4.2. Suppose the signal matrix, A, and noise matrix, N, lie in R"™*

(m,k > r) . Other conditions stay same as in section 4.1.

Q -A=Y
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Cwll Cl,r Cl,r+1 Cl,k
Crl C}r Crr+1 Crk
where Y = ) ’
C}‘+l,1 r+l,r 0 t 0
| Co C,. 0 0 |
E|B -A|2=E|Y], =Y EY} =(m+rk—r*)o? (30)
. rm+rk —r’
E|Bi,j_Ai,j =o\—— (31

mk
D . ) r
which is the same as (1). As m — oo, while k is a constant, F | Bifj -4, |— a\/;, a non-

zero constant. As suggested by (2), it is impossible to reconstruct 3D scene to arbitrary
accuracy by the factorization method using an affine camera model, by only increasing
the number of the frames (while keeping the number of the feature points unchanged).
This contrasts with the claim that 3D scene could be reconstructed to arbitrary accuracy
given enough frames [31]. However, we recognise the need for caution, our setting is not

exactly the same as that of [31], where the perspective model was adopted.
5. Learning capacity of LSA-based recognition system

In this section, we analyze the performance of LSA-based recognition systems
when the test image is correctly identified. Under such an assumption, there is still some
error, as stated in the introduction, because of the noise in the basis images and the noise
in the test image. In the following, we analyze the effect of this noise on the recognition

system (also by the means of first-order perturbation theory).
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Before we motivate the performance analysis of the LSA-based recognition

system, we present a simple description of the LSA-based face recognition algorithm

[3,7,8]. It consists of two steps: the off-line learning stage and the on-line recognition

stage. In the learning stage, the image basis is obtained in this way: a set of learning

images for one face is arranged as a learning matrix A so that each image is regarded as

one column of the learning matrix A. Suppose the face image has a dimension of m, and n

learning samples are collected. A € R™". The r (r<<m and r <n) basis images can be

obtained as the first 7 left singular vectors of A, which correspond to the  largest singular

values. In the on-line recognition stage, a test image is projected on the 7 basis images and

its distance to the image basis is used for recognition.

5.1 Perturbation of the basis images

First, we analyze the learning stage, by using the matrix perturbation theory in

sections 3.2 and 3.3. By SVD, the low-dimension subspaces, U =[y,,y,,,y,] and

V' =[x,,X,,--,X,], as defined in theorem 2, are obtained. In some cases, such as in

face recognition, the consequent step is contingent on an accurate basis. Here, we only

consider the subspace U'": U'" = UH, where
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k,Cy +1,C,

K2C1,2 +K, C2,1

2 2
Ky —K,

2 2
K, =K,

1

Kr Cl,r + Kl Cr,l
2 2
K. —K;
Kr Crfl,r + Kr—l Cr,r—l
2 2
Kr - Kr—l
Kr—l Cr,r—l + Kr Cr—l,r
2 2 1
Kr—l - Kr
Cr+1,r
K,
Cm,r
K

(32)

Note: From (32), we can roughly see that, for different singular vectors {U.}, their

perturbations {y,} have been corrupted, to a different extent, which depends on their

strength (more formally, on their corresponding singular values). If m>>r, the corruption

comes mostly from {U, | (i >r)}. Obviously, the corruption in y, (i <r) is approximately

inversely proportional to its corresponding singular value, «,. Thus, y, can be considered

cleanest, while y,k the dirtiest. In section 5.2, we will return to this point when the

projection error is analyzed.

I
Furthermore, to decompose H into: H=E+F +G, where E = {0 ' }
(m—r)xr
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0 K,C o +K,Cy, x,C, +x,C,,
2 2 2 2
K, =K, K, —K
x,Cy, +K,C 0
2 2
Ky —K;
: . .. Kr Cwr—l,r +Kr—l Cr,r—l
F- ok, |63
chr,l +KrC1,r Kr—l Cr,r—l +KrCr—l,r O
2 2 2 2
Kl _Kr Kr—l_Kr
0 0 0
I 0 0 0 |
— O -
0
0 0 0
G = Cr+1,1 Cr+1,2 Cr+1,r (34)

Kl K2 Kr
Cm,l Cm,Z Cm,r
Kl K2 Kr

5.2 Projection of a new test image on the basis images

r

0 }zUE. Suppose a noise

The underlying noise-free subspace U” :U{

(m—r)xr
corrupted test image p, to be identified, is observed, and the underlying truth is q: q = Uf
and p=U(f+g). Because q€U", only the first » components of f are possibly non-

zeroes, i.e. f=[f,, /5, . f, ,0,---,0]". In practice, the noise-corrupted test image has to
be projected on the noise-corrupted basis in the recognition system because the noise free

basis is always unknown. More formally, the projection error of p on U’ is used:
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p-U"U" p=U{f+g) -UE+F+G)E+F+G) U'UF +g)
~Ulg-EE'g —(EF" + EG” + FE" + GE")f]
=Ulg-EE'g - (EG" + GE")f]
= U[g' - Gf']

(35)

where g’ has same components as g, except its first 7 zeroes, i.e.
g =[0,0,--,0,g,.,,--,g, 1. And f'=[f,, f,, -, f.]". Note, in (35), the 2-order and

higher-order terms have been dropped: F, G, and g can possibly approach 0. From (35),
p-U"U""p=Ulg,C|,C},,C/I[-h"] (36)
rr (}‘T ’ ’ ! !
p-U"up —figci Cl a0 (37)

where C; =[0,---,0,C C

> 4l

~,C, 1" and h=[f, /x,, f, I x,]".

r+2,i° ’
We suppose the basis is obtained from »n learning samples, i.e., the learning matrix

is AeR™", and each entry of A has energy of o, and is corrupted with i.i.d. Gaussian

noise with energy of o/ . It is also assumed that the test image has energy of o and is

r m n r
. . 2 2 o 2 2~ 2 2~ 2
corrupted with noise of o, . E K; =mno;, E E C.,=mno;, E J; =mo;, and
i=1

-1 j=1 im1
> glz=mo!. ||g'l,2zVm-ro, and |C||,=vm—ro,. Due to the independence

among {g',{C’ |i=1,---,r}}, (37) becomes

: =(m-r)o} Jr(m—r)()',zzr:f—i2 (38)

i=1 i

Hp_UIVUII‘Tp

Ip =m(c? +a?) (39)
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Obviously, from (38), the projection error is contingent on the relationship

between {f,} and {x,}. From G in (34), and (38), it can be concluded that the basis

Y,

that corresponds to the largest singular value is the cleanest, and that the basis y, that

corresponds to the least singular value is the dirtiest. The cleanness of the /" basis Y

here, is measured by the projection error, in (38), which is introduced by the j’h unit-norm

basis image. For a random test image, the best and worst performance is:

o 2 /0

(m-r)o! +(m-r)oc} = <Hp—U"U"Tp <(m-r)o! +(m-r)oc; = > (40)
F K

;S
K,

mo 2

(m-— r)O't2 +(m— 7’)0',2 5

2
Ky

2

mno
where x> <—— <. Define, furthermore, k. = c,mno:
r

2
m—r T m—r
(m-r)o] + o} SHp—U”U” P ’

¢

5.3 Performance analysis over the learning samples

2 2
: SHp—U"U"Tp <m-r)o’ +(m-ro? "% (@1
F K

< (m—r)o-[2 +—0; (42)
ne,

We have given the best and the worst performance analysis of the recognition

system. Next, we want to analyze the average performance of the system when we test the

basis on the whole learning examples, i.e. all the images that are used to obtain the basis

images.

T r
E _UIVUH”
qe{Ali=1, 0} P P 2

2
F i=l1 i

From (5),

E .
_ 2 2 qe{Ali=1,-n} fl
=(m-r)o} +(m-r)o} Y A (43)

25



MECSE-6-2003 : "An Analysis of Linear Subspace Approaches for Computer Vision ...", P. Chen and D. Suter

A=[A, A 1=[U, -, U Jdiag(x,, -« )V, V.1  =[U,-, U1V, .« V]

Surprisingly,
2 2 2 P K'.2
Zf, :”KiVi”F =x; and E  fi=—" (44)
aetAfi=1,n} astA =l n
Then
p—k > (m=r)ro;
E |p-U"U" p| =(m-r)o; + ! (45)
qef{A,li=1,--,n} F n

2
It can be easily proved that (m—r)o; + (m = r)ra% is the expectation for any

test sets when the r largest singular values of the learning matrix A are equivalent.

Moreover, from (48), this is also the best expectation performance over a random sample

set, where the randomness means that Ef,” in (38) should be statistically equivalent.

From this formula, (45), we can see clearly the effects of all the parameters in the
recognition system. Given that the noise in the learning samples and in the test image,
compared with the signal, is small, the performance can be regarded to be independent of
the signal level. As m approaches a very large number, compared with 7, the SSD is
almost linearly dependent on m. As the number of the learning samples, n, increases, the
recognition system improves: the error from the basis images decreases, and as
approaches infinite, the error from the basis images approaches zero. However, the error
from the test image can’t be reduced except by having a cleaner image.

Another measure, used in the recognition system, is the angle between the test

image and the basis images:
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Hp_U!rU!er

2 2 2
(m-r)o? + " ”m/ o; +”“f/ o? ro?
F _ n n _ f ! (46)

- =
HpHi m(o} +0}) mow gt} cl+o] n(cl+o))

Supposing m>>r, the angle is independent of the size of the object, and depends
on the energy level of the signal and the noise (in the learning samples and in the test
image). As the size of the learning samples, n, increases, the system improves: the error
from the basis images approaches zero and the error from the test image gradually

dominates in the total error.

5.4 The optimal learning set

Suppose that the expectation of the test images, i.e. {f°}, in (38), is known. How
should we design the recognition system: specifically, how to select the learning samples,
so that the system, concerning the expectation, has the best performance? Obviously,
only the second term in (38) is dependent on the learning samples. The problem is:

2
min zf—’z , subject to Y k7 =C 47)
K

l

ZKI.Z = C means that, when the dimension, m, and the size, n, of the learning samples is

large enough, the signal energy, ZKI.Z , should be approximately mno’. By using a

Lagrange multiplier, the minimum can be obtained iff

% = Cons (48)

From (48), we can draw such a conclusion, however it is a little surprising that the
basis images, obtained from the n samples of A are not optimal when the test image set is

also {A,}. The reason is that, the basis, corresponding to the largest singular value, is
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overlearned in the learning process: from (48), the optimal learning ability, x, should
be proportional to f;, while x; is actually proportional to f*, as in (44).
6. Simulation results

Here, we have to note that it is very difficult to have real data with high precision
ground truth. Thus, in this section, we present some simulations to verify result 1 and

result 2*.
6.1 Simulation of the denoising capacity of SVD

In a recent paper, an experimental result related the SVD’s denoising performance
has been reported [5]. In that example, noise with amplitude of 1.5/40=0.037 still resides
in the approximation matrix: where the noise-free 40x40 matrix, with a rank of 3, had
been corrupted with zero-mean-and-0.01-variance Gaussian noise. From result 1 we have
derived, the value should be 0.038. That this is pretty close to the result in [5], confirming
the theory present here.

To provide further evidence, we have carried out our own simulations. Here, we
work on a set of rank-3 matrices. For square matrices, the size of the matrices increases
from 3 to 200; while for rectangular matrices, the number of the columns remains
unchanged, staying at 40. The noise level is 0.1. In Matlab notation,

M = randn(rows,3) * randn(3, columns) + 0.1* randn(rows, columns) ~ is the noise-

corrupted matrix. Fig. 1 shows the simulation results of SVD’s denoising performance,

compared with the expectation from result 1. It can be easily observed that the expected

* The Matlab code for the simulation in this section is available in [12].
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curve almost coincides with the simulation result. In contrast with fig. 1(d-f) (rectangular
matrices), the curves in fig. 1(a-c) (square matrices) can be observed to continue towards
zero error, while the error for the rectangular matrices changes little after the number of

the rows increases to 20 or 40.

o1
i

01 H | AWMy s

(@ (®) (©
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(@ (e) o

Fig. 1: The average error that still resides in the approximation matrix. The abscissa denotes the number of the rows of
the matrices, and the error is on the ordinate. (a-c) are for the square matrices, and (d-f) are for the rectangular
matrices, who have a constant, 40, columns. There are three curves in every sub-figure: the (approximately) straight
curve in the upper part denotes the original noise in the noise corrupted matrix, and the smooth/unsmooth curves are
the expectation/actual error in the approximation matrix respectively. In (a) and (d), the signal and the noise are
randomly generated. In (b) and (e), the noise levels are normalized, so that the average energy in each entry of the
matrices is 0.01. In (c) and (f), the signal matrices have 3 equivalent singular values, while the energy level remains
same.

6.2 Simulation of the learning capacity for LSA-based recognition

In this section, we present some simulation results concerning the SSD
performance of the LSA-based recognition system, as stated in section 5. Suppose we

work on a set of rank 3 subspaces but in a dimension of 100. In this section, the
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parameters are set as follows: m=100, r=3, o, =100, and o, =0, =1. First, the SSD

performance of a set of basis images is analyzed, over two test sets: the learning set, from
which the basis images are obtained, and another random set where its 3 singular values
have been artificially equalized. Obviously, as the learning sample size approaches
infinite, the SSD, over two sets, approaches a stable value, as shown in fig. 2-a. Over the
learning set, the performance, denoted by solid curve, almost coincides with the
expectation, denoted by dashed curve. Over the random set, the performance is denoted
by dotted curve. Because the 3 singular values of the random test set have been artificially
equalized, the best performance over this random set can be obtained only if the learning
set has 3 equal singular values, from (48). However, the random learning set always has 3
distinct singular values. Thus, the performance over the random test set is worse than the
optimal curve, denoted by dashed curve, especially for the small-size learning samples; in
fact, the performance for the recognition system is very bad, at 5,771.6, 788.1 and 588.1
respectively, when the learning sample sizes are only 3, 4 and 5; in order to make the
curves clear, these points have been omitted in fig. 2-a.

Conversely, next, we first have a random test set, and show the performance of
different learning sets (different basis images): an optimal learning set, which complies
with (48), and a random learning set, who has 3 equal singular values. For the random
learning set, with 3 equal singular values, its performance, denoted by the solid curve, can
be expected to coincide with the expectation (45), denoted by the dashed curve, as shown
in fig. 2-b. Obviously, the optimal learning set, complying with (48), has a better
performance than the random learning set, especially for small learning sizes. Note, if the

learning set is truly randomly generated, it probably has a very bad SSD performance,
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especially for a small-size learning set. For example, the #* basis image may be very
dirty, because the " singular value of the learning set is comparatively small; while most
of the energy of the test image comes from this basis image. In such cases, the error from
the basis images, especially from the " basis image, will dominate the total error, as can

be seen from (38).

200

@ ()

Fig. 2, The dependency of SSD on the size of learning samples.(a) for a learning set, over two test sets: (solid) the
learning set from which the basis images are obtained, and (dotted) another random set that has 3 equal singular
values; (b) for a test set, by two learning sets: (dotted) the optimal learning set and (solid) another random learning set
that has 3 equal singular values. In both subfigures, the dashed curves denote the expectation from (45).

In fig. 3, we show the effects of the three parameters in (45), the size of the

learning samples, n, the noise level in the learning set, o,, and the noise level in the test
set, o,; on SSD when the recognition system works over the learning samples. Fig. 3 (a)

shows the performance of SSD when the noise level in fest image is 0.5 (very small). It
can be easily observed: the square dependency on the noise level in the learning set and
the decreased effects of the noise in the learning set as the learning size increases. Fig. 3
(b) shows the performance of SSD when the noise level in /earning samples is 0.5 (very

small). It can be easily observed: the square dependency on the noise level in the test set
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and its effect is almost independent of the learning size. Fig 3 (c) and (d) show the effect
of the noise levels of the learning set and the test set when the learning sizes are 3 and 125
respectively. When the learning size is 3, the noise in learning set has almost a same
effect on SSD as the noise in test set; when the learning size is 125 (>>3), the noise in

learning set can be almost neglected if the level is not much higher than that in the test set.

Lusening sample size s ; ; Lusering samply siza

5000
4000

3000

Noise level in leaming set

Noise levl in leaming set

© @

Noise level in test set

Fig. 3: The effects of three parameters in (43) on SSD. To see the description in the text.

6.3 Relationship with some experimental observations

Here, we can explain such phenomena previously reported in the computer vision
literature, by using the analysis in section 4 and section 5. For example, in SFM, the root-

mean-square error of the recovered shape with respect to the true shape was reported in
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[18]. Fig. 6 in that paper [18] shows that the error approaches a constant value after the
number of the frames increases to 20 or 40, as almost coincides with the result 1, in
section 2.2 or the fig. 1 in section 6.1.

Another two observations are related to result 2, in section 2.2. In [2], it was
reported that no significant deterioration of the performance was found for LSA-based
face recognition, if the images were subsampled by 16x16 squares, which means that, m,
the number of the rows of A, decreases by 1/256. However, the reduced m is still very
large, about 1000 (>>4 or 9). We can find the explanation from (46): the performance,
measured by the angel between the test image and the basis images, is almost independent
of mif m>>r.

The last, but not the least, (maybe even the most important), observation was that
“recognition of an object under a particular lighting and pose can be performed reliably
provided the object has been previously seen under similar circumstances™ [8]. A very

reliable explanation can be found from (38) and (48). For a test image, if it or its similar

cases have been observed in the learning samples, its {f,*} will probably have a good

relationship with {x’}, i.e., for a larger x’, f is also larger, and vice versa. More
formally, if (48) holds, the recognition system has a best performance. However, for a test
image, which is produced under very different lighting conditions from those in the
learning set, its {f,"} probably has very bad relationship with {x’}. If most of its energy
comes from the dirtiest basis, which corresponds to the " singular value of the learning

matrix, from (38), the recognition error is probably very large. This not only explains the

drawback of PCA-based face recognition, pointed out in [8], but also gives a possible
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solution, as suggested by (48). For a random test set, the best learning samples should be
selected this way: to equalize the first r largest singular values as possible. However, we

do not present any specific strategies for this open, and probably promising, issue.
6. Conclusion

The main contribution of this paper is the presentation of a theoretical analysis of
SVD-based low rank projections: specifically the denoising capacity of SVD (where we
characterized the error that still resides in the SVD-denoised matrix) and the learning
capacity of LSA-based recognition systems (where we showed that the projection error
can be decomposed into two independent sources, one from the test image and the other
from the basis image). Another contribution of this paper is to fill an apparent gap in the

literature: the perturbation theory concerning multiple eigenvalues (singular values).

Appendix A

In this appendix, we present the proofs of theorem 1-4. Here, we do not follow the
notation in [34], where an arbitrarily small positive number, &, was introduced. Because
we only consider the first-order perturbation, a simpler and straightforward form is used.
Suppose M has a simple eigenvalue A, and the corresponding eigenvector is x. If M is
corrupted with AM and AM is small enough, the first-order perturbations of the
eigenvalue and the eigenvector, denoted as A4 and Ax respectively, will be small
enough, from Ostrowski’s continuity theorem [34]. Suppose their higher-order terms are
oA and ox, respectively. From (M+AM)(Xx+ AX+ 0Xx) =(A+AAd+0A)(X+AX+OX), we
have the first-order perturbation, by dropping the higher-order terms:

M- x+M-Ax+AM -x= A-X+A4-AX+A1-X (A.1)
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Of course, this first-order perturbation is same as that in [34], despite the difference in

notation.

A.1 Proof of theorem 1

Proof: Suppose x| =X, +ZC ;X; and A/=4, +b,. From the first-order perturbation,

J#i

we have Mx, +Mch,ixj +Nx, = A,x, +/1i2cj’ixj +b,x,, and

J#i J#i

c..(A,—A)x,+Nx, =b.x, (A.2)
Jot J ! J i it

J#i
Because M is symmetric and has m distinct eigenvalues, {x,} are orthogonal to each

other. Pre-multiplying (A.2) by x! , we obtain b, = x! Nx, = B, . Pre-multiplying xf , We

B
A—A.

i J

have ¢;; =

A.2 Proof of theorem 2
Proof: Suppose Q=X +C. Obviously, {x;} and {e;} are respectively the singular

values and the right/left singular vectors of X . First, about Q, we prove the first order

perturbations of the singular values, A, the right singular vectors x/, and the left singular

vectors y/ are respectively

M=K +C,, (A3)

X =e, +Z#e (A4)

yime, + Y (A5)
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Suppose A/ =k, +Ak;, X, =e, +ij,l.ej ,and y! =e, +Zgj,iej
J#i J#i
According the property of SVD, we have Qx| =1y’ and Q"y, = x!. Equating their

1

first order, we have:

2e; +Ce, + Zijﬂl.ej ~K.e +Axe, + Kl.Zgjjiej (A.6)
J#l J#I
e, +CTe, +37) g e, ~Kke +Axe, +K,D. f€ (A.7)
J#i J#i
Then

Ce, +Zlcjfj’iej = Ax.e, +Ki2gj,iej (A.8)

J#i J#i
Cle,+) k,g,e, =Axe, +K5,) € (A.9)

J#i J#EI

First, by equating e,, we have Ax, =C, ;. And from e; (j #1),

ko . —x.f..=C..
lg./,l JS Tt Jot (AIO)
K8 TKi ] :Ci,j
=(k.C.. +x.C. (x> -«
gj,[ ( i, Jj l,j)( 12 12) (All)
fj,i :(K_/Cj,i +KiCi,j)/(Ki _Kj)
So far, (A.3-A.5) have been proved. From
B=UQV' = Uly|, -y, [diag{A],--, 2, } [x},-x,]" V' (A.12)

Bhas A/, Vx|, and Uy’ respectively as its singular values, right and left singular vectors.

A.3 Proof of theorem 3

Proof: From the perturbation expansion about the eigenvectors corresponding to a

k m
multiple eigenvalue [34], we can suppose X, :ZC,-,,-XA; + ijjixj and A/ =A+A4,.
j=1 J=k+1
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Note: ¢, are different from f,,. ¢, can possibly take any value within [0,1], while f,

Jst It
approach zeroes if N is small enough.
M+N)x! =Ax/ (A.13)

Equating the first order:

MZc” j+MZf”xj+NZc” /~ﬂZc” /+/”th”x/+A/IZc”x/ (A.14)

J=k+1 Jj=k+1

Then

m

DA X X%, 1Q, 46 A D S X, AL Zcﬂ j (A.15)

fars jh

where ¢, = [cl’i,czji,-‘-,ck’i]T. Equating the coefficients of X, for (j=1,---,k), we have
Q1€ =Ade, (A.16)

where Q. . is the left-up kxk submatrix of Q. If Q,, , has & distinct eigenvalues, the

solution of A4, and ¢, is unique, as (A.16). Obviously, ¢ is same as S, as defined in the

theorem. After substituting A4, and ¢, in (A.14), the equality of x, for (j=k+1,---,m)

produces the first order perturbations of f; as in the theorem.

A.4 Proof of theorem 4

Proof: Let Q has {1}, {x]} and {y/} as its first k singular values, right singular vectors

and left singular vectors respectively. For i >k, {1}, {x/} and {y’} can be obtained as

in theorem 2. Thus, we concentrate on the first-order perturbation of {1/}, {x]} and {y'},

fori<k.
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First, we only consider one singular value and the corresponding singular vector.
Combining the techniques in the proof of theorem 2 and theorem 3, we assume that the

first-order perturbations of the right and the left singular vectors, x” and y" respectively,

have the following forms:

k

=z e+ Zq, , (A.17)

= i=k+1

:i Y ge, (A.18)

i=k+1
Note: p, and f, can possibly take any value within [0,1], while ¢, and g, approach
zeroes if N is small enough. Because the singular values of the matrix, M, are the square
roots of the eigenvalues of MM’ . From the continuity of the eigenvalues of MM, the
singular values of M also obey Ostrowski’s continuity rule. Supposing the corresponding
singular value is A" = x + A« , equality of the first order of Qx" = A"y" and Q"y" = A'x"

produces:

sz,e, + quzc,e, +ch —(K+AK)Zf,e, +;<zg (A.19)
i=k+1 i=k+1
KZf,e, + Y gne, +Zf(c ); —<K+Arc)2p,el e ge (A.20)
i=k+1 i=k+1

From (A.19) and (A.20), we have, by equating e, (for s =1,---,k):
k
i+ pC =k +AK)f, (A.21)

Kf, + Zk:fiCi’S =(k+AK)p, (A.22)

In matrix form, they are:
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(Cr +6D)p = (5 + Ax)f (A.23)
(C! +xDf = (x +Ax)p (A.24)

where C,, is the leftup k by k submatrix of C, p=[p,p,.:.p,]" and
f=[f,f, . f.]" .Obviously, ¥ +Ax, p and f are respectively the singular value, the
right and the left singular vectors of C,, + I ; and p and f correspond to the columns of
E and F in the theorem. C,, + I just has k singular values, right and left singular
vectors, which correspond to {1/}, {x’} and {y’}, for i<k, of Q.

Equating the e, in (A.19) and (A.20), for ¢ > k, we have

k
> .C,p =kg, —K4, (A.25)
=1
k
>.C.f=Kq,—K.g, (A.26)
=1

Note for >k and I<k, C,,=Q,, and C,, =Q,,. And, suppose we work on the i" (for

1 <i <k ) singular value:

k

kg, - K4, = ZQt,jpj,i = Q;,i (A.27)
=
k

kg, —K,8, = sz,t i Q:’,t (AZS)
=1

Combining (A.23-24) and (A.27-28),

k g QL+ KQ)
X'=Y pe+ > —LL——le, (A.29)
i=1 i

2
j=k+1 K —K;
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k n k Q)+ Q)
Y =D fe+ ), —5—L"le, (A.30)

i=1 J=k+1 K; _Kj

are respectively the right and left singular vectors of Q. After the system transformation

as (15), the first & left/right singular vectors of Q' are as defined in (17, 18).
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